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Abstract. We construct a fully discrete numerical scheme for three-dimensional incompress-
ible ﬂuids with mass diﬀusion (in density-velocity-pressure formulation), also called the Kazhikhov–
Smagulov model. We will prove conditional stability and convergence, by using at most C0-ﬁnite
elements, although the density of the limit problem will have H2-regularity. The key idea of our
argument is ﬁrst to obtain pointwise estimates for the discrete density by imposing the constraint
lim(h,k)→0 h/k = 0 on the time and space parameters (k, h). Afterwards, under the same constraint
on the parameters, strong estimates for the discrete density in l∞(H1) and for the discrete Laplacian
of the density in l2(L2) are obtained. From here, the compactness and convergence of the scheme
can be concluded with similar arguments as we used in [Math. Comp., to appear], where a diﬀer-
ent scheme is studied for two-dimensional domains which is unconditionally stable and convergent.
Moreover, we study the asymptotic behavior of the numerical scheme as the diﬀusion parameter λ
goes to zero, obtaining convergence as (k, h, λ)→ 0 towards a weak solution of the density-dependent
Navier–Stokes system provided that the constraint lim(λ,h,k)→0 h/(λ2k) = 0 on (h, k, λ) is satisﬁed.
Key words. three-dimensional Kazhikhov–Smagulov models, density-dependent Navier–Stokes
equations, ﬁnite elements, stability, convergence
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1. Introduction.
1.1. The model. Let Ω ⊂ R3 be an open bounded set with boundary Γ. We
denote by [0, T ] (0 < T < +∞) the time interval of observation. We will use the
notation Q = Ω× (0, T ), Σ = Γ× (0, T ), and n(x ) the outwards unit normal vector
to Γ at the point x ∈ Γ.
We consider the Navier–Stokes system with mass diﬀusion (the so-called
Kazhikhov–Smagulov model) in Q:{
ρut + ((ρu− λ∇ρ) · ∇)u−∇ · (μ∇u− λρ(∇u)t) +∇p = ρf,
∇ · u = 0, ρt + u · ∇ρ− λΔρ = 0.(1.1)
The unknowns for this model are ρ : Q→ R+, the density of the ﬂuid, u : Q→ R3, the
incompressible (averaged) velocity vector ﬁeld, and p : Q → R, a potential function
(modiﬁed pressure).
Model (1.1) can be derived from the compressible Navier–Stokes system, by im-
posing that the compressible velocity v can be decomposed as v = u− λ∇ log ρ, with
∇·u = 0 (it decomposes into an incompressible part u and a potential part −λ∇ log ρ),
and eliminating λ2-terms (see [11]).
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We complete (1.1) with the boundary conditions on Σ:
u|Σ = 0,
∂ρ
∂n
∣∣∣∣
Σ
= 0(1.2)
and the initial conditions in Ω:
ρ|t=0 = ρ0, u|t=0 = u0,(1.3)
where ρ0 : Ω → R+ and u0 : Ω → Rd are given functions.
Throughout this work, we assume the hypothesis on the initial density:
0 < m ≤ ρ0(x) ≤M in Ω.(1.4)
1.2. Known results. Concerning the simpliﬁed model (1.1), Kazhikhov and
Smagulov [12] proved, via a semi-Galerkin method, the existence of global weak so-
lutions, under the following hypothesis:
λ < 2μ/(M −m),(1.5)
and the existence of local strong solutions (which is global in the two-dimensional
case). Salvi [14] proved the existence of weak solutions for noncylindrical domains.
On the other hand, Secchi [16] studied the problem for Ω = R3, proving the local
existence and uniqueness of strong solutions by using a ﬁxed point argument.
For the complete model (including the λ2-terms), Beira˜o da Veiga [2] and Secchi
[15] established the local existence of strong solutions by using linearization and a
ﬁxed point argument. In [15], global existence and uniqueness are shown for two-
dimensional (2D) domains by imposing that λ/μ is small enough as well as the
asymptotic behavior as λ → 0 towards a weak solution of the density-dependent
Navier–Stokes problem:⎧⎨⎩
ρ [ut + (u · ∇)u]− μΔu+∇p = ρf in Q,
∇ · u = 0, ρt + u · ∇ρ = 0 in Q,
u = 0 on Σ, u|t=0 = u0, ρ|t=0 = ρ0 in Ω.
(1.6)
In the case of nonnegative initial density and 3D domains, Guille´n-Gonza´lez [9] proved
the global existence of weak solutions and the behavior, as λ → 0, towards the
density-dependent Navier–Stokes system (1.6). Recently, the existence and regularity
of strong solutions have been proved in [10] by means of an iterative method (jointly
with some error estimates).
A time-space numerical scheme has been recently developed by using C0-ﬁnite
elements for density and velocity in [11] for model (1.1) in 2D domains, which is
unconditionally stable and convergent towards the (unique) weak solution of the con-
tinuous problem. This scheme is of the backward Euler type, where in each time step
the computation of the density and the velocity pressure are decoupled, by means of
linear problems.
Concerning the numerical analysis for the density-dependent Navier–Stokes prob-
lem, a stable and convergent scheme is proposed in [13], by using in particular a
discontinuous Galerkin ﬁnite element method to approximate the density transport
equation.
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1.3. Main results of the paper. Our main objective is to design a linear
scheme by using ﬁnite elements to approximate all unknowns (density, velocity, and
pressure) of problem (1.1)–(1.3). To this end, we consider for simplicity a uniform
partition of [0, T ], (tn = nk)
n=N
n=0 , with k = T/N being the time step, and propose a
backward Euler time scheme, implicit with respect to the diﬀusion terms and semi-
implicit with respect to the convection terms. The ﬁnite element spaces must verify
speciﬁc properties which we will describe in section 3.1.
In what follows we consider the notation (·, ·) and | · | for the L2(Ω)-inner product
and the L2(Ω)-norm, respectively. Also, we denote that ‖u‖ = |∇u|, which is an
equivalent norm to the usual one in H10 (Ω).
The scheme is described as follows:
Initialization: Let (u0h, ρ
0
h) ∈ Vh×Wh be an approximation of (u0, ρ0) as h→ 0.
Time step n+ 1: Given (ρnh,u
n
h, p
n
h) ∈Wh ×Vh ×Mh,
1. ﬁnd (wnh, q
n
h) ∈ V˜h × M˜h such that, for each (w¯h, q¯h) ∈ V˜h × M˜h,(
∇wnh,∇w¯h
)
−
(
qnh ,∇ · w¯h
)
=
(
∇unh,∇w¯h
)
,
(
∇ ·wnh, q¯h
)
= 0;(1.7)
2. ﬁnd ρn+1h ∈Wh such that, for each ρ¯h ∈Wh,(
ρn+1h − ρnh
k
, ρ¯h
)
+
(
wnh · ∇ρn+1h , ρ¯h
)
+ λ
(
∇ρn+1h ,∇ρ¯h
)
= 0;(1.8)
3. ﬁnd (un+1h , p
n+1
h ) ∈ Vh ×Mh such that, for each (u¯h, p¯h) ∈ Vh ×Mh,⎧⎪⎪⎨⎪⎪⎩
(
ρnh
un+1h − unh
k
, u¯h
)
+
1
2
(
ρn+1h − ρnh
k
un+1h , u¯h
)
+ a
(
ρn+1h ,u
n+1
h , u¯h
)
+ c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h , u¯h
)
=
(
ρn+1h f
n+1, u¯h
)
+
(
pn+1h ,∇ · u¯h
)
,
(1.9) (
∇ · un+1h , p¯h
)
= 0,(1.10)
where
f n+1 =
1
k
∫ tn+1
tn
f(t) dt,
a(ρ,u, v) = μ(∇u,∇v) + λ
∫
Ω
(
M˜ + m˜
2
− ρ
)
(∇u)t : ∇v dx,
with M˜ > M , 0 < m˜ < m such that λ M˜−m˜2 < μ (here (1.5) is imposed), and
c(w,u, v) =
1
2
[
((w · ∇)u, v)−
(
(w · ∇)v,u
)]
.
The following properties of continuity and coercivity hold:
a(ρ,u,u) ≥ μ1
2
‖u‖2 if m˜ ≤ ρ ≤ M˜, with μ1
2
= μ− λM˜ − m˜
2
(> 0),
a(ρ,u, v) ≤ Cλ ‖u‖ ‖v‖ (if ‖ρ‖L∞(Ω) ≤ C),(1.11)
c(w,u,u) = 0, c(w,u, v) ≤ C ‖w‖L3‖u‖ ‖v‖.
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Here and in what follows, we denote by Cλ and C diﬀerent positive constants
independent of (h, k) and (h, k, λ), respectively.
From the computational point of view, scheme (1.7)–(1.10) decouples density ρn+1h
and velocity pressure (un+1h , p
n+1
h ), whereas w
n
h is an intermediate velocity obtained
as the H1 orthogonal projection of unh onto a discrete free-divergence space. We
will see that scheme (1.7)–(1.10) is conditionally stable and convergent. As in many
practical situations, the diﬀusion parameter is small; we will prove that, when the
diﬀusion parameter λ and the space and time parameters (h, k) goes to zero, scheme
(1.7)–(1.10) approximates to a weak solution of the density-dependent Navier–Stokes
system (1.6), under a constraint involving the parameters h, k, and λ. In fact, to
our knowledge, it is the ﬁrst convergent scheme to (1.6) based on C0-ﬁnite elements
for the discrete density, avoiding to perform directly an algorithm for (1.6) which
presents important diﬃculties by itself, mainly for the approximation of the density
transport equation. Recall that in [13] a convergent scheme for (1.6) is given based
on a discontinuous Galerkin method for the density.
The corresponding study for the complete model, with λ2-terms, will be the
subject of a forthcoming paper.
By deﬁning in [0, T ] piecewise constant functions uh,k, ρh,k such that uh,k,
ρh,k
∣∣
(tn−1,tn]
= unh, ρ
n
h, respectively, that we will denote by uh,k,λ, ρh,k,λ when the
case of diﬀusion parameter λ→ 0 is considered, we present the following main results
of this paper.
Theorem 1.1. Assume hypotheses (H0)–(H5) given in section 3.1. If the con-
straint on the parameters
(S) h/k → 0 as (h, k) → 0
holds, then there exists a convergent subsequence of (uh,k, ρh,k) (denoted in the same
way) as (h, k) → 0 towards a weak solution (u, ρ) of problem (1.1)–(1.3) (see Deﬁnition
2.1), in the following sense: (uh,k, ρh,k) → (u, ρ) in L2(0, T ;L2(Ω))×L2(0, T ;H1(Ω))-
strong, in L∞(0, T ;L2(Ω)) × (H1(Ω) ∩ L∞(Ω))-weak, and in L2(0, T ;H10(Ω)) ×
L4(0, T ;W 1,3(Ω))-weak. Moreover, m˜ ≤ ρh,k ≤ M˜ .
Theorem 1.2. Under the hypotheses of Theorem 1.1 and by extending (H2) by
(H2′) (given in section 8.1) and changing (S) by the more restrictive constraint
(S′) h/(kλ2) → 0 as (λ, h, k) → 0,
then there exists a convergent subsequence of (uh,k,λ, ρh,k,λ) as (h, k, λ) → 0 to-
wards a weak solution (u, ρ) of the density-dependent Navier–Stokes problem (1.6)
(see Deﬁnition 8.1) in the following sense: uh,k,λ → u in L2(0, T ;L2(Ω))-strong,
in L∞(0, T ;L2(Ω))-weak, and in L2(0, T ;H10(Ω))-weak, and ρh,k,λ → ρ in L∞(Q)-
weak.
The main ideas for the derivation of this scheme can be found in [11], where the
following scheme has been studied:
Time step (n+ 1): Given (ρnh,u
n
h, p
n
h) ∈Wh ×Vh ×Mh,
1. ﬁnd ρn+1h ∈Wh such that, for each ρ¯h ∈Wh,(
ρn+1h − ρnh
k
, ρ¯h
)
+ λ
(
∇ρn+1h ,∇ρ¯h
)
= −
(
unh · ∇ρnh, ρ¯h
)
;(1.12)
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2. ﬁnd (un+1h , p
n+1
h ) ∈ Vh ×Mh such that, for each (u¯h, p¯h) ∈ Vh ×Mh,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(
[ρnh]T
un+1h − unh
k
, u¯h
)
+
1
2
(
[ρn+1h ]T − [ρnh]T
k
,un+1h · u¯h
)
+a
(
[ρn+1h ]T ,u
n+1
h , u¯h
)
+ c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h , u¯h
)
−
(
pn+1h ,∇ · u¯h
)
=
(
[ρn+1h ]T f
n+1, u¯h
)
,
(1.13)
(
∇ · un+1h , p¯h
)
= 0,(1.14)
where
[wh]T (xi) =
⎧⎨⎩
wh(xi) if wh(xi) ∈ [m,M ],
m if wh(xi) < m,
M if wh(xi) > M,
with xi the nodes of the mesh Th of Ω.
By comparing both schemes we can observe the following diﬀerences: The discrete
density involved in the mixed variational problem for velocity pressure (1.13)–(1.14),
which requires the property of the maximum principle, are truncated, whereas this
truncation is not necessary for scheme (1.7)–(1.10). Moreover, in (1.12) the convective
term for the density scheme is considered in the explicit form (unh · ∇ρnh, ρ¯h), and it is
now taken in the semi-implicit form (wnh · ∇ρn+1h , ρ¯h), where wnh is a projection of unh
onto a discrete zero-divergence space. This space is chosen to hold (∇ ·wnh, ρ¯hρ¯h) = 0
for all ρ¯h ∈Wh.
Concerning the numerical analysis we remark on the following three main diﬀer-
ences between both schemes:
1. The argument to obtain pointwise estimates for the discrete density under
the constraints (S) done in subsection 3.4 of this paper is completely new.
Moreover, the extension of this argument to the scheme studied in [11] is not
clear even assuming some constraints on the discrete parameters. This justi-
ﬁes the presence of the truncation operator in the discrete momentum system
(1.13). On the other hand, the scheme (1.12)–(1.14) of [11] is unconditionally
stable, and now the scheme (1.7)–(1.10) is stable and convergent under the
constraint (S).
2. Strong estimates for the discrete density are obtained in two diﬀerent ways
in [11] and in the present paper. In [11], we used the discrete version of
the Gagliardo–Nirenberg interpolation inequality ‖∇ρ‖2L4 ≤ C ‖ρ‖H1‖Δρ‖L2
which does not need pointwise estimates for the discrete density. Since this
interpolation is exclusive for two-dimensional domains, we cannot use it for
three-dimensional domains. Accordingly, we change this Gagliardo–Nirenberg
interpolation by a discrete version of the interpolation inequality ‖∇ρ‖2L4 ≤
C ‖ρ‖L∞‖Δρ‖L2 and make a discrete integration by parts (which mimics the
argument of the exact problem to obtain strong estimates of the density).
Observe that we have to assure a maximum principle or at least pointwise
estimates for the discrete density in order for this other interpolation to work.
3. Another diﬀerence is the asymptotic behavior with respect to the diﬀusion
parameter λ (jointly with the discretization parameters (k, h)). Due to the
fact that the convective term of the discrete density equation is handled in
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diﬀerent ways, we ﬁnd that the strong estimates of the discrete density fur-
nished in [11] degenerate when λ→ 0, and we cannot pass to the limit towards
a weak solution of the density-dependent Navier–Stokes problem (1.6). How-
ever, now the dependence of λ is improved, and the scheme (1.14)–(1.10) gives
a numerical approximation for the density-dependent Navier–Stokes problem
(1.6) by means of continuous ﬁnite elements.
The rest of the paper can be described as follows. The main ideas for the math-
ematical analysis of problem (1.1)–(1.3) are provided in section 2. In section 3, by
using appropriate auxiliary schemes, we establish conditional stability estimates, en-
ergy estimates for the velocity, and pointwise estimates for the density. In section 4,
strong estimates for the density are obtained, by using the discrete Laplacian of the
density. In sections 5, 6, and 7, weak and strong convergences and the passage to
the limit are shown, respectively, concluding the proof of Theorem 1.1. In section 8,
we study the asymptotic behavior as the diﬀusion parameter λ goes to zero, proving
Theorem 1.2.
2. Analysis of the continuous model. To deﬁne the concept of a weak solu-
tion of problem (1.1)–(1.3), we introduce the following function spaces:
H = {u : u ∈ L2(Ω),∇ · u = 0 in Ω,u · n = 0 on Γ},
V = {u : u ∈ H10(Ω),∇ · u = 0 in Ω},
L20(Ω) =
{
p : p ∈ L2(Ω),
∫
Ω
p(x)dx = 0
}
,
H2N (Ω) =
{
ρ ∈ H2(Ω) : ∂ρ
∂n
= 0 on Γ,
∫
Ω
ρ(x)dx =
∫
Ω
ρ0(x)dx
}
.
In V the ‖u‖H1(Ω)-norm is equivalent to |∇u| (which will be denoted by ‖u‖). H2N (Ω)
is an aﬃne space: H2N (Ω) =
1
|Ω|
∫
Ω
ρ0(x)dx+H
2
N,0(Ω), and in H
2
N,0(Ω) (zero-average
function space) the norm ‖ρ‖H1(Ω) is equivalent to |∇ρ| and the norm ‖ρ‖H2(Ω) is
equivalent to |Δρ|. In particular, in H2N (Ω) the following norms are equivalents:
‖ρ− 1|Ω|
∫
Ω
ρ0‖H1(Ω) ∼ |∇ρ| and ‖∇ρ‖H1(Ω) ∼ |Δρ|.
Definition 2.1. A pair (ρ,u) is called a weak solution of (1.1)–(1.3) in (0, T ) if
it veriﬁes:
(a) u ∈ L∞(0, T ;H)∩L2(0, T ;V), ρ ∈ L∞(0, T ;H1(Ω))∩L2(0, T ;H2N (Ω)), with
0 < m ≤ ρ(x, t) ≤ M, a.e. (x, t) ∈ Q.
(b) ∀φ ∈ C1([0, T ];V) such that φ(T ) = 0,∫ T
0
{
−
(
u, ρφt + (ρu− λ∇ρ) · ∇φ
)
+
(
μ∇u− λρ(∇u)t,∇φ
)}
dt
=
∫ T
0
(
ρf, φ
)
dt+
(
ρ0u0, φ(0)
)
.
(c) The equation of mass diﬀusion (1.1)c is veriﬁed a.e. in Q.
Remark 2.2. As usual, the pressure p can be obtained by using (b) and De
Rham’s lemma [18].
We state the existence of (global in time) weak solutions of problem (1.1)–(1.3)
(see [12, 1]).
Theorem 2.3. Let u0 ∈ H, ρ0 ∈ H1(Ω) satisfying (1.4), and f ∈ L2(0, T ;L6/5
(Ω)). Suppose that the constants λ, μ, m, and M satisfy (1.5). Then there exists at
least a weak solution of (1.1)–(1.3) in (0, T ).
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Proof (outline of proof). The proof is divided into four steps:
(a) Pointwise estimates for the density. From the maximum principle applied to
the density equation (1.1)c and hypothesis (1.4), one gets
0 < m ≤ ρ(x, t) ≤M in Q.
(b) Weak estimates for the velocity. Adding the momentum system (1.1)a by u
to the density equation (1.1)c by
1
2u · u, one arrives at the following energy equality:
1
2
d
dt
∫
Ω
ρ|u|2dx+ μ‖u‖2 = λ
∫
Ω
ρ(∇u)t : ∇u dx+ (ρf,u).(2.1)
The ﬁrst term on the right-hand side of (2.1) can be rewritten as
λ
∫
Ω
ρ(∇u)t : ∇u dx = λ
∫
Ω
(
ρ− M +m
2
)
(∇u)t : ∇u dx ≤ λM −m
2
‖u‖2,
where we have used the pointwise inequality | ρ− (M+m)/2 |≤ (M−m)/2 (obtained
from m ≤ ρ ≤ M). By imposing the constraint on the coeﬃcients (1.5), one arrives
at the estimate
max
0≤t≤T
|u(t)|2 +
∫ T
0
‖u(t)‖2dt ≤ C.
(c) Strong estimates for the density. By multiplying the density equation (1.1)c
by −Δρ and bounding the convective term (previously integrated by parts) thanks to
the interpolation inequality
‖∇ρ‖L4(Ω) ≤ C‖ρ‖1/2∞ |Δρ|1/2 ≤ C|Δρ|1/2,(2.2)
as ∫
Ω
u · ∇ρΔρ ≤ C
∫
Ω
|∇u| |∇ρ|2 ≤ C |∇u| ‖∇ρ‖2L4 ≤ C |∇u| |Δρ|,
the following estimate holds:
max
0≤t≤T
|∇ρ(t)|2 +
∫ T
0
|Δρ(t)|2dt ≤ Cλ.
(d) Compactness for the velocity. By using a rather technical argument [1], one
can get the following estimate of the “time fractional derivative”:∫ T−δ
0
|u(t+ δ)− u(t)|2 dt ≤ Cλ δ1/2 ∀δ ∈ (0, T ),
which implies [17] compactness for the velocity u in L2(0, T ;L2(Ω)).
From here, it is rather standard to obtain the existence of weak solutions, by
using, for instance, the semi-Galerkin method [1].
3. Weak and pointwise estimates. Since (1.7), (1.8), and (1.9)–(1.10) can be
reduced to three independent algebraic linear systems, it suﬃces to check the unique-
ness of the solution to guarantee that these problems are well-posed. In particular,
the uniqueness will be a consequence of the weak and pointwise estimates that we will
obtain in this section.
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3.1. Hypotheses. Throughout this work the following hypotheses will be as-
sumed:
(H0) Hypotheses for the data: Assume (1.5), and let M˜ > M and 0 < m˜ < m such
that λ M˜−m˜2 < μ. Let u0 ∈ V, ρ0 ∈ H1(Ω), with 0 < m ≤ ρ0 ≤M in Ω, and
f ∈ L2(0, T ;L6/5(Ω)).
(H1) Assume that Ω is an open, bounded set of R3 whose boundary is polyhe-
dral and such that the continuous dependence in H2-norm of the Poisson–
Neumann problem and in the H2 × H1-norm of the Stokes problem holds
(see (4.4) and (3.6), respectively). This is veriﬁed, for example, if Ω is convex
[8].
(H2) The triangulation of Ω and the discrete spaces verify
• the inverse inequalities:
|∇ρ¯h| ≤ C h−1|ρ¯h|, ‖∇ρ¯h‖L3(Ω) ≤ C h−1/2|∇ρ¯h| ∀ ρ¯h ∈Wh,
‖ρ¯h‖L∞(Ω) ≤ C h−1/2‖ρ¯h‖H1(Ω) ∀ ρ¯h ∈Wh,
• and the interpolation errors:
‖u¯− J˜hu¯‖H1(Ω) + ‖u¯− Jhu¯‖H1(Ω) ≤ C h|u¯|H2(Ω) ∀ u¯ ∈ H2(Ω) ∩H10(Ω),
|p¯− K˜hp¯|+ |p¯−Khp¯| ≤ C h|p¯|H1(Ω) ∀ p¯ ∈ H1(Ω) ∩ L20(Ω),
‖ρ¯− Ihρ¯‖L∞(Ω)∩W 1,3(Ω) ≤ C h1/2|ρ¯|H2(Ω) ∀ ρ¯ ∈ H2(Ω),
|ρ¯− Ihρ¯|+ h ‖ρ¯− Ihρ¯‖H1(Ω) ≤ C h2|ρ¯|H2(Ω) ∀ ρ¯ ∈ H2(Ω),
where Jh, J˜h, Kh, K˜h, and Ih are interpolation operators from H
2(Ω)∩
H10(Ω) into Vh, H
2(Ω) ∩ H10(Ω) into V˜h, H1(Ω) ∩ L20(Ω) into Mh,
H1(Ω) ∩ L20(Ω) into M˜h, and H2(Ω) into Wh, respectively. Here and
in what follows, we denote by |v|Hk(Ω) =
∑
|α|=k |Dαv| the standard
seminorm of higher order derivatives.
(H3) Inf-sup conditions. There exist β > 0 and β˜ > 0 (independent of h) such
that, ∀ p¯h ∈Mh and ∀ q¯h ∈ M˜h,
‖p¯h‖L20(Ω) ≤ β sup
u¯h∈Vh\{0}
(
p¯h,∇ · u¯h
)
‖u¯h‖ , ‖q¯h‖L20(Ω) ≤ β˜ supw¯h∈V˜h\{0}
(
q¯h,∇ · w¯h
)
‖w¯h‖ .
(H4) Compatibility condition between M˜h and Wh: (Wh ·Wh)∩L20(Ω) ⊂ M˜h, i.e.,
∀ ρ¯1h, ρ¯2h ∈Wh, ρ¯1h ρ¯2h −
1
|Ω|
∫
Ω
ρ¯1h(x) ρ¯
2
h(x) dx ∈ M˜h.
(H5) Compatibility condition between (Mh, M˜h):
Mh ⊂ M˜h.
For instance, a way of deﬁning the discrete spaces (Wh,Vh,Mh, V˜h, M˜h) veri-
fying (H2)–(H5) is the following: Let {Th}h>0 be a regular, quasi-uniform family of
triangulations of Ω, with h = maxK∈Th hK (hK = diameter of K), and
X lh = {xh ∈ C0(Ω) such that xh|K ∈ Pl(K) ∀K ∈ Th, }.
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Then we deﬁne Wh = X
1
h. There are several possibilities to deﬁne (Vh,Mh) [8], by
using the Taylor–Hood element (P2 × P1) or the minielement (P1 + bubble× P1), for
instance. For the spaces (V˜h, M˜h) we choose V˜h = X
3
h∩H10(Ω) and M˜h = X2h∩L20(Ω).
Note that if Vh = V˜h and Mh = M˜h are chosen, we need not consider the
projection problem (1.7).
Remark 3.1. Hypothesis (H4) implies that (∇ ·wnh, ρ¯1hρ¯2h) = 0 for all ρ¯1h, ρ¯2h ∈Wh
(this property will play an important role in our analysis). Indeed, we shall write
0 =
(
∇ ·wnh, ρ¯1hρ¯2h −
1
|Ω|
∫
Ω
ρ¯1hρ¯
2
h
)
=
(
∇ ·wnh, ρ¯1hρ¯2h
)
− 1|Ω|
∫
Ω
ρ¯1hρ¯
2
h
∫
Ω
∇ ·wnh
=
(
∇ ·wnh, ρ¯1hρ¯2h
)
.
As a consequence, by taking ρ¯h = 1 in (1.8) we have that
∫
Ω
ρnh =
∫
Ω
ρ0h, for
each n. This property is the discrete version of the continuous one
∫
Ω
ρ(x, t1) dx =∫
Ω
ρ(x, t2) dx for any t1, t2 ∈ [0, T ], whose physical meaning is the conservation of
mass.
3.2. Auxiliary truncated scheme. To prove a priori estimates for scheme
(1.7)–(1.10), we will introduce an auxiliary scheme in which some of the densities
appearing in the discrete problem of the momentum system are truncated between m˜
and M˜ as follows:
Initialization: Let u0h and ρ
0
h be given as in scheme (1.7)–(1.10).
Time step n+ 1: Given (ρnh,u
n
h, p
n
h) ∈Wh ×Vh ×Mh,
1. ﬁnd (wnh, q
n
h) ∈ V˜h × M˜h such that, for each (w¯h, q¯h) ∈ V˜h × M˜h,(
∇wnh,∇w¯h
)
−
(
qnh ,∇ · w¯h
)
=
(
∇unh,∇w¯h
)
,
(
∇ ·wnh, q¯h
)
= 0;(3.1)
2. ﬁnd ρn+1h ∈Wh such that, for each ρ¯h ∈Wh,(
ρn+1h − ρnh
k
, ρ¯h
)
+
(
wnh · ∇ρn+1h , ρ¯h
)
+ λ
(
∇ρn+1h ,∇ρ¯h
)
= 0;(3.2)
3. ﬁnd (un+1h , p
n+1
h ) ∈ Vh ×Mh such that, for each (u¯h, p¯h) ∈ Vh ×Mh,⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
(
[ρnh]T
un+1h − unh
k
, u¯h
)
+
1
2
(
[ρn+1h ]T − [ρnh]T
k
un+1h , u¯h
)
+ a
(
[ρn+1h ]T ,u
n+1
h , u¯h
)
+ c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h , u¯h
)
=
(
[ρn+1h ]T f
n+1, u¯h
)
+
(
pn+1h ,∇ · u¯h
)
,
(3.3) (
∇ · un+1h , qh
)
= 0.(3.4)
Here the truncation [·]T is deﬁned as follows: Given ρh ∈Wh, then
[ρh]T (x) =
⎧⎨⎩
ρh(x) if ρh(x) ∈ [m˜, M˜ ],
m˜ if ρh(x) < m˜,
M˜ if ρh(x) > M˜.
The idea was to truncate in those density terms which required to hold either
L∞ estimates or positivity in order to obtain weak energy estimates (see the
proof of Theorem 2.3).
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We may again deduce that (3.1), (3.2), and (3.3)–(3.4) are well-posed problems,
obtaining a priori estimates.
3.3. Weak estimates for the truncated scheme.
Lemma 3.2. The solution of scheme (3.1)–(3.4) veriﬁes the following estimates:
(i) max
0≤n≤N
|unh| ≤ C, (ii) k
N∑
n=0
‖unh‖2 ≤ C, (iii)
N−1∑
n=0
|un+1h − unh|2 ≤ C,
(iv) max
0≤n≤N
|ρnh| ≤ C, (v)λ k
N−1∑
n=0
|∇ρn+1h |2 ≤ C, (vi)
N−1∑
n=0
|ρn+1h − ρnh|2 ≤ C,
where C > 0 depends on the data (ρ0,u0, f) but is independent of k, h, and λ.
Proof. To obtain a priori estimates for the velocity (unh), we take u¯h = 2ku
n+1
h
and p¯h = p
n+1
h as test functions in (3.3)–(3.4), resulting in [11]:
|
√
[ρn+1h ]Tu
n+1
h |2 − |
√
[ρnh]Tu
n
h|2 + |
√
[ρnh]T (u
n+1
h − unh)|2 + μ1k‖un+1h ‖2
≤ 2k
(
[ρn+1h ]T f
n+1,un+1h
)
≤ 2k‖[ρn+1h ]T ‖L∞(Ω)‖f n+1‖L6/5(Ω)‖un+1h ‖L6(Ω)
≤ μ1k
2
‖un+1h ‖2 + C k‖f n+1‖2L6/5(Ω).
Consequently,
|
√
[ρn+1h ]Tu
n+1
h |2 − |
√
[ρnh]Tu
n
h|2 + |
√
[ρnh]T (u
n+1
h − unh)|2
+
μ1
2
k‖un+1h ‖2 ≤ C k‖f n+1‖2L6/5(Ω).
(3.5)
By adding (3.5) for n = 0, . . . , r with any r < N , estimates (i), (ii), and (iii) hold.
On the other hand, to obtain weak energy estimates for the density (ρnh), we take
ρ¯h = 2 k ρ
n+1
h in (3.2) and use the fact that (∇ ·wnh, (ρn+1h )2) = 0 (see Remark 3.1):
|ρn+1h |2 − |ρnh|2 + |ρn+1h − ρnh|2 + 2λ k|∇ρn+1h |2 = 0.
By adding over n, one deduces estimates (iv), (v), and (vi).
Corollary 3.3. The following estimates hold:
(vii) max
0≤n≤N
|wnh| ≤ C, (viii) k
N∑
n=0
‖wnh‖2 ≤ C,
where C > 0 is independent of k, h, and λ.
Proof. By taking w¯h = w
n
h in (1.7) and using (H5), (∇(wnh − unh),∇wnh) = 0,
and hence one has |∇wnh| ≤ |∇unh|. So from (ii) we get (viii). Now we are going
to get estimate (vii) by using a duality technique and the constraint (S). Indeed, let
(z, ξ) ∈ (V∩H2(Ω))× (L20(Ω)∩H1(Ω)) be the strong solution of the Stokes problem
−Δz+∇ξ = wnh − unh, ∇ · z = 0 in Ω, z = 0 on Γ.(3.6)
By taking wnh − unh as a test function in the variational formulation of (3.6), we get
|wnh − unh|2 =
(
∇z,∇(wnh − unh)
)
+
(
ξ,∇ · (wnh − unh)
)
.(3.7)
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Let (zh, ξh) ∈ V˜h × M˜h be the discrete approximation of (3.6) deﬁned as⎧⎨⎩
(
∇zh,∇w¯h
)
−
(
ξh,∇ · w¯h
)
=
(
wnh − unh, w¯h
)
∀w¯h ∈ V˜h,(
∇ · zh, q¯h
)
= 0 ∀q¯h ∈ M˜h.
In view of hypothesis (H5), (Khξ,∇ · (wnh − unh)) = 0, and hence we write (3.7) as
follows:
|wnh−unh|2 =
(
∇z−∇zh,∇(wnh−unh)
)
+
(
∇zh,∇(wnh−unh)
)
+
(
ξ−Khξ,∇·(wnh−unh)
)
,
where Kh is the interpolation operator deﬁned in hypothesis (H2). From (1.7), it
follows that (∇zh,∇(wnh − unh)) = 0. Thus, we ﬁnd
|wnh − unh|2 ≤ |∇z−∇zh||∇(wnh − unh)|+ |ξ −Khξ||∇ · (wnh − unh)|
≤ Ch(‖z‖H2(Ω) + ‖ξ‖H1(Ω))|∇(wnh − unh)| ≤ Ch|wnh − unh||∇(wnh − unh)|,
where in the second line we have used the approximation property (see [8]) |∇z −
∇zh| ≤ C h(‖z‖H2 + ‖ξ‖H1), the interpolation error |ξ − Khξ| ≤ C h‖ξ‖H1(Ω) as-
sumed in (H2), and the H2 ×H1 continuous dependency of the Stokes problem (3.6)
‖z‖H2(Ω) + ‖ξ‖H1(Ω) ≤ C |wnh − unh| assumed in (H1).
Therefore, we have
|wnh − unh| ≤ C h|∇(wnh − unh)|.(3.8)
Now, in view of (S), we may get h ≤ Ck for (h, k) small enough. Then, since
k1/2|∇wnh| ≤ k1/2|∇unh| ≤ C (thanks to the estimate |∇wnh| ≤ |∇unh| and estimate (ii)
of Lemma 3.2), it is easy to see that |wnh| ≤ Ck1/2 + |unh| ≤ C, and we get estimate
(vii).
3.4. Discrete maximum principle (of the truncated scheme). In this sub-
section we prove that the discrete density of scheme (3.2) has pointwise estimates by
excess and defect with respect to the upper and lower bounds of the initial density
ρ0, respectively. Namely, we will see that m˜ ≤ ρnh ≤ M˜ in Ω for all k and h small
enough satisfying constraint (S).
3.4.1. Study of an auxiliary time discrete scheme. We deﬁne a sequence
(ρn) associated to (wnh) by means of the following time discrete scheme:
Initialization: Let ρ0 = ρ0.
Time step n+ 1: Given ρn, we compute ρn+1 ∈ H2(Ω), verifying
ρn+1 − ρn
k
+wnh · ∇ρn+1 − λΔρn+1 = 0 in Ω,
∂ρn+1
∂n
= 0 on Γ.(3.9)
Lemma 3.4. Let {wnh}Nn=0 ⊂ H10(Ω) such that k
∑N
n=0 ‖wnh‖2 ≤ C. Then there
exists a unique solution ρn+1 ∈ H2(Ω) of (3.9), which also veriﬁes:
0 < m ≤ ρn+1(x) ≤M ∀x ∈ Ω, ∀n = 0, . . . , N − 1,
λ2 k
∑N−1
n=0 ‖ρn+1‖2H2(Ω) ≤ C,
(3.10)
where C > 0 is a constant independent of k, h, and λ.
Proof. The proof of this lemma can be found in Appendix A.
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3.4.2. Error estimates between ρn+1 and ρn+1h . Denote by e
n+1
ρ = ρ
n+1 −
ρn+1h the diﬀerence between the solutions of problems (3.9) and (3.2). Our intention
now is to state the following error estimate:
‖en+1ρ ‖H1(Ω) ≤ C
(
h2
λ
√
λk
+
h
√
h
λ2k
+
hh1/4
λ3/2k3/4
+
h
λ
√
k
)
.(3.11)
Indeed, by subtracting (3.9) multiplied by ρ¯h ∈Wh and (3.2), one has(
en+1ρ − enρ
k
, ρ¯h
)
+
(
wnh · ∇en+1ρ , ρ¯h
)
+ λ
(
∇en+1ρ ,∇ρ¯h
)
= 0
for each ρ¯h ∈Wh. By decomposing the convective term as(
wnh · ∇en+1ρ , ρ¯h
)
=
(
wnh · ∇(ρn+1 − Ihρn+1), ρ¯h
)
+
(
wnh · ∇(Ihρn+1 − ρn+1h ), ρ¯h
)
,
taking ρ¯h = 2k(e
n+1
ρ − ρn+1 + Ihρn+1) = 2 k(Ihρn+1 − ρn+1h ), with Ihρn+1 ∈Wh, and
using the fact that (∇ ·wnh, ρ¯2h) = 0 for all ρ¯h ∈Wh (see Remark 3.1), we get
|en+1ρ |2 − |enρ |2 + |en+1ρ − enρ |2 + 2λk|∇en+1ρ |2
≤ 2
(
en+1ρ − enρ , ρn+1 − Ihρn+1
)
− 2k
(
wnh · ∇(ρn+1 − Ihρn+1), en+1ρ
)
−k
(
∇ ·wnh, (ρn+1 − Ihρn+1)2
)
+ 2λ k
(
∇en+1ρ ,∇(ρn+1 − Ihρn+1)
)
.
Next, by integrating by parts the second term on the right-hand side and bounding
adequately, we infer that
|en+1ρ |2 − |enρ |2 + |en+1ρ − enρ |2 + 2λk|∇en+1ρ |2
≤ 2|en+1ρ − enρ | |ρn+1 − Ihρn+1|+ Ck‖wnh‖ ‖en+1ρ ‖H1(Ω) ‖ρn+1 − Ihρn+1‖L3(Ω)
+k‖wnh‖‖ρn+1 − Ihρn+1‖2L4(Ω) + 2λ k|∇en+1ρ | |∇(ρn+1 − Ihρn+1)|
≤ 1
2
|en+1ρ − enρ |2 + C|ρn+1 − Ihρn+1|2 + Cλk|∇(ρn+1 − Ihρn+1)|2
+
C
λ
k‖wnh‖2‖ρn+1 − Ihρn+1‖2L3 + k‖wnh‖‖ρn+1 − Ihρn+1‖2L4 + λk|en+1ρ |2 + λk|∇en+1ρ |2,
and then, by taking into account the interpolation errors
|ρn+1 − Ihρn+1|+ h|∇(ρn+1 − Ihρn+1)| ≤ C h2‖ρn+1‖H2 ,
and
‖ρn+1 − Ihρn+1‖L3 ≤ C h3/2‖ρn+1‖H2 , ‖ρn+1 − Ihρn+1‖L4 ≤ C h5/4‖ρn+1‖H2
(the last two are a consequence of the previous one and the 3D interpolation inequali-
ties ‖ρ‖L3 ≤ C|ρ|1/2‖ρ‖1/2H1 and ‖ρ‖L4 ≤ C|ρ|1/4‖ρ‖3/4H1 ) and the estimate k‖wnh‖2 ≤ C
thanks to estimate (vii) of Corollary 3.3, one arrives at
|en+1ρ |2 − |enρ |2 + λ k |∇en+1ρ |2
≤ C
(
h4 +
h3
λ
+ k1/2h5/2 + λ k h2
)
‖ρn+1‖2H2 + λ k|en+1ρ |2.
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By adding up for n = 0, . . . , l and using the fact that λ2 k
∑l
n=0 ‖ρn+1‖2H2 ≤ C and
by virtue of the generalized discrete Gronwall lemma, we infer that for all (k, λ), with
λ k < 1 (for instance, λ k ≤ 1/2), there exists C > 0 independent of λ such that
|el+1ρ |2 + λ k
l∑
n=0
|∇en+1ρ |2 ≤ C
(
h4
λ2k
+
h3
λ3k
+
h5/2
λ2k1/2
+
h2
λ
+ |e0ρ|2
)
.
By taking |e0ρ|2 = |ρ0 − ρ0h|2 ≤ C h2, we deduce the bound
|en+1ρ |2 + λk
l∑
n=0
|∇en+1ρ |2 ≤ C
(
h4
λ2k
+
h3
λ3k
+
h5/2
λ2k1/2
+
h2
λ
)
,
whence, in particular, (3.11) holds.
3.4.3. Pointwise estimates of the truncated scheme. Here we will prove
the following pointwise estimates [6]:
ρn+1h ≥ m− C h−1/2
(
h2
λ3/2k
+
h
√
h
λ2k
+
hh1/4
λ2k3/4
+
h
λ
√
k
)
,
ρn+1h ≤M + C h−1/2
(
h2
λ3/2k
+
h
√
h
λ2k
+
hh1/4
λ2k3/4
+
h
λ
√
k
)
.
(3.12)
To prove (3.12) it suﬃces to prove that
‖ρn+1h − ρn+1‖L∞(Ω) ≤ C h−1/2
(
h2
λ3/2k
+
h
√
h
λ2k
+
hh1/4
λ2k3/4
+
h
λ
√
k
)
.
For this, from the triangle inequality
‖ρn+1h − ρn+1‖L∞(Ω) ≤ ‖ρn+1h − Ihρn+1‖L∞(Ω) + ‖Ihρn+1 − ρn+1‖L∞(Ω)
≤ ‖ρn+1h − Ihρn+1‖L∞(Ω) + C
h1/2
λ k1/2
,
where in the last line we have used the approximation inequality ‖ρn+1−Ihρn+1‖L∞ ≤
C h1/2‖ρn+1‖H2 and the estimate ‖ρn+1‖H2 ≤ Cλk1/2 (see (3.10)). Hence, it suﬃces
to obtain the inequality
‖ρn+1h − Ihρn+1‖H1(Ω) ≤ C
(
h2
λ3/2k
+
h
√
h
λ2k
+
hh1/4
λ2k3/4
+
h
λ
√
k
)
(3.13)
and to use the inverse inequality (see [3]) ‖ρ¯h‖L∞(Ω) ≤ C h−1/2 ‖ρ¯h‖H1(Ω) ∀ρ¯h ∈Wh.
Let us prove (3.13). From the triangle inequality,
‖ρn+1h − Ihρn+1‖H1(Ω) ≤ ‖ρn+1h − ρn+1‖H1(Ω) + ‖ρn+1 − Ihρn+1‖H1(Ω),
and, by using the error estimate (3.11) and the interpolation error ‖w− Ihw‖H1(Ω) ≤
h‖w‖H2(Ω) for w = ρn+1 jointly with the estimate h‖ρn+1‖H2 ≤ C h/λ
√
k (thanks to
(3.10)), one easily deduces (3.13).
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Now, by taking into account hypothesis (S), one has
lim
(h,k)→0
(
h2
k
+
h
√
h
k
+
hh1/4
k3/4
)/( h√
k
)
= 0,
and consequently, for each (h, k) small enough,
C h−1/2
(
h2
λ3/2k
+
h
√
h
λ2k
+
h
λ
√
k
)
≤ C h−1/2 h√
k
= C
√
h
k
.
In particular, thanks to (3.12), by imposing h ≤ h0, k ≤ k0 such that
C
√
h
k
≤ min{m− m˜, M˜ −M},(3.14)
one gets 0 < m˜ ≤ ρn+1h ≤ M˜ .
3.4.4. Identiﬁcation between the truncated and nontruncated schemes.
Now it is clear that if ρn+1h is the solution of the truncated scheme, then [ρ
n+1
h ]T =
ρn+1h , and consequently the truncated scheme and the nontruncated scheme coincide,
arriving at the following result.
Theorem 3.5. Assume that h ≤ h0, k ≤ k0 satisfying (3.14) and λ k ≤ 1/2;
then scheme (1.7)–(1.10) is well-posed and veriﬁes estimates (i)–(vi) of Lemma 3.2,
(vii)–(viii) of Corollary 3.3, and 0 < m˜ ≤ ρn+1h ≤ M˜ in Ω.
4. Strong estimates for the density. Let −Δh : Wh → Wh be the linear
operator deﬁned as follows:
−
(
Δhρh, ρ¯h
)
=
(
∇ρh,∇ρ¯h
)
∀ ρ¯h ∈Wh.(4.1)
Then the discrete density equation (1.8) can be rewritten as(
ρn+1h − ρnh
k
, ρ¯h
)
+
(
wnh · ∇ρn+1h , ρ¯h
)
− λ
(
Δhρ
n+1
h , ρ¯h
)
= 0.(4.2)
Theorem 4.1. Under the hypotheses of Theorem 3.5, the solution ρn+1h of scheme
(1.8) veriﬁes the following estimates, for each h and k small enough:
(ix) λ max
0≤n≤N
|∇ρnh|2 ≤ C, (x) λ2 k
N∑
n=0
|Δhρn+1h |2 ≤ C,
(xi) λ
N−1∑
n=0
|∇(ρn+1h − ρnh)|2 ≤ C,
where C > 0 is independent of h, k, and λ.
Proof. By taking ρ¯h = −2kΔhρn+1h in (4.2), we arrive at:
|∇ρn+1h |2−|∇ρnh|2+ |∇(ρn+1h −ρnh)|2+2λk|Δhρn+1h |2 = 2k
(
wnh ·∇ρn+1h ,Δhρn+1h
)
:= I.
(4.3)
To bound I, we use an idea given in [11], where a regular function associated to the
discrete Laplacian function −Δhρn+1h is considered. But here, the type of estimates
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used in [11] must be changed, making use of the pointwise estimates of ρn+1h . We
deﬁne ρ(h) ∈ H2(Ω) as the solution of the problem:
−Δρ(h) = −Δhρn+1h in Ω,
∂ρ(h)
∂n
∣∣∣
∂Ω
= 0,
∫
Ω
ρ(h) =
∫
Ω
ρ0h.(4.4)
From the H2-regularity of the previous problem ‖ρ(h)− 1|Ω|
∫
ρ0h‖H2(Ω) ≤ C |Δhρn+1h |,
and hence one has in particular
|ρ(h)|H2(Ω) ≤ C|Δhρn+1h |.(4.5)
We write I as I = 2k(wnh · ∇ρ(h),Δρ(h)) + 2k(wnh · ∇(ρn+1h − ρ(h)),Δhρn+1h ). By
integrating by parts the ﬁrst term on the right-hand side, and using (2.2),
2k
(
wnh · ∇ρ(h),Δρ(h)
)
= −2k
(
∇wnh,∇ρ(h)⊗∇ρ(h)
)
− 2k
(
(wnh · ∇)∇ρ(h),∇ρ(h)
)
= −2k
(
∇wnh,∇ρ(h)⊗∇ρ(h)
)
+ k
(
∇ ·wnh, |∇ρ(h)|2
)
≤ C k‖wnh‖‖∇ρ(h)‖2L4(Ω) ≤ C k‖wnh‖ ‖ρ(h)‖L∞(Ω)|Δρ(h)|
≤ C k‖wnh‖ ‖ρ(h)‖L∞(Ω)|Δhρn+1h |,
where a ⊗ b denotes the tensorial product matrix of two vectors a = (ai)2i=1, b =
(bi)
2
i=1, with coeﬃcients (a⊗ b)i,j = aibj . Accordingly,
I ≤ C k‖wnh‖
(
‖ρ(h)‖L∞(Ω) + ‖∇(ρn+1h − ρ(h))‖L3(Ω)
)
|Δhρn+1h |.(4.6)
Now we will prove the inequality:
‖∇(ρn+1h − ρ(h))‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω).(4.7)
For this, we write
‖∇(ρn+1h − ρ(h))‖L3 ≤ ‖∇(ρn+1h − Ihρ(h))‖L3 + ‖∇(Ihρ(h)− ρ(h))‖L3 .(4.8)
By multiplying (4.4) by ρ¯h ∈Wh and subtracting to (4.1), one gets(
∇ρn+1h −∇ρ(h),∇ρ¯h
)
= 0 ∀ ρ¯h ∈Wh.
By adding and subtracting ∇Ihρ(h), and considering ρ¯h = ρn+1h − Ihρ(h) ∈ Wh, we
obtain
|∇ρn+1h −∇Ihρ(h)|2 = −
(
∇Ihρ(h)−∇ρ(h),∇ρn+1h −∇Ihρ(h)
)
≤ |∇Ihρ(h)−∇ρ(h)| |∇ρn+1h −∇Ihρ(h)|,
whence
|∇ρn+1h −∇Ihρ(h)| ≤ |∇Ihρ(h)−∇ρ(h)| ≤ C h|ρ(h)|H2(Ω)(4.9)
|∇ρn+1h −∇ρ(h)| ≤ C h|ρ(h)|H2(Ω).(4.10)
Thus, by using the inverse inequality [7]
‖∇ρn+1h −∇Ihρ(h)‖L3(Ω) ≤ Ch−1/2|∇ρn+1h −∇Ihρ(h)|
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and (4.9), we arrive at
‖∇ρn+1h −∇Ihρ(h)‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω).(4.11)
So, from (4.8) and (4.11) one gets (4.7) by taking into account the interpolation error
‖∇(ρ(h)− Ihρ(h))‖L3(Ω) ≤ Ch1/2|ρ(h)|H2(Ω).
By getting back to (4.6) and using (4.7), we bound
I ≤ C k‖wnh‖
(
‖ρ(h)− ρn+1h ‖L∞ + ‖ρn+1h ‖L∞ + h1/2|ρ(h)|H2
)
|Δhρn+1h |.(4.12)
Now we write
‖ρn+1h − ρ(h)‖L∞(Ω) ≤ ‖ρn+1h − Ihρ(h)‖L∞(Ω) + ‖Ihρ(h)− ρ(h)‖L∞(Ω).
By using the interpolation error ‖ρ(h)−Ihρ(h)‖L∞(Ω) ≤ Ch1/2|ρ(h)|H2(Ω), the inverse
inequality in 3D
‖ρn+1h − Ihρ(h)‖L∞(Ω) ≤ C h−1/2‖ρn+1h − Ihρ(h)‖H1(Ω)
≤ C h−1/2(‖ρn+1h − ρ(h)‖H1(Ω) + ‖ρ(h)− Ihρ(h)‖H1(Ω))
≤ C h−1/2(|∇(ρn+1h − ρ(h))|+ h |ρ(h)|H2(Ω)),
where the generalized Poincare inequality has been used in the last line, since
∫
Ω
ρn+1h
=
∫
Ω
ρ0h (see Remark 3.1) and
∫
Ω
ρ0h =
∫
Ω
ρ(h) (see (4.4)). By using (4.10) and (4.5),
‖ρn+1h − ρ(h)‖L∞(Ω) ≤ C h1/2|ρ(h)|H2(Ω) ≤ C h1/2|Δhρn+1h |.
By applying the above estimate in (4.12), we bound
I ≤ C k‖wnh‖
(
h1/2|Δhρn+1h |+ M˜
)
|Δhρn+1h |
≤ C k‖wnh‖h1/2|Δhρn+1h |2 +
C
λ
k‖wnh‖2 +
λ
2
k|Δhρn+1h |2.
By Corollary 3.3 we infer the bound ‖wnh‖ ≤ C/k1/2 (with C independent of λ, h, k),
and, by choosing h and k small enough such that
C
√
h
k
≤ 1
2
λ,
we get
I ≤ C
λ
k‖wnh‖2 + λ k|Δhρn+1h |2.
Therefore, from (4.3) we get the inequality
|∇ρn+1h |2 − |∇ρnh|2 + |∇(ρn+1h − ρnh)|2 + λk|Δhρn+1h |2 ≤ C
k
λ
‖wnh‖2.(4.13)
By adding (4.13) for n = 0, . . . , r, with r < N , we arrive at
λ|∇ρr+1h |2 + λ
r∑
n=0
|∇(ρn+1h − ρnh)|2 + λ2 k
r∑
n=0
|Δhρn+1h |2 ≤ C k
r∑
n=0
‖wnh‖2 + λ|∇ρ0h|2.
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Finally, from estimate (ii) of Lemma 3.2, one gets the desired estimates
(ix)–(xi).
Corollary 4.2. The following inequality holds:
‖∇ρn+1h ‖L3(Ω) ≤ C |∇ρn+1h |1/2|Δhρn+1h |1/2.(4.14)
Consequently, under the hypotheses of Theorem 4.1, one has the estimate
λ3k
N−1∑
n=0
‖ρn+1h ‖4W 1,3(Ω) ≤ C,
where C > 0 is independent of h, k, and λ.
Proof. Thanks to estimates (ix) for (ρnh) and (x) for (Δhρ
n
h), it suﬃces to prove
(4.14). For this, by considering ρ(h) the solution of problem (4.4), we have
‖∇ρn+1h ‖L3(Ω) ≤ ‖∇(ρn+1h − ρ(h))‖L3(Ω) + ‖∇ρ(h)‖L3(Ω).
By using inequality (4.7) and the interpolation inequality
‖∇ρ(h)‖L3(Ω) ≤ C|∇ρ(h)|1/2‖∇ρ(h)‖1/2H1(Ω) ≤ C|∇ρ(h)|1/2|ρ(h)|1/2H2(Ω),
we arrive at
‖∇ρn+1h ‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω) + C |∇ρ(h)|1/2|ρ(h)|1/2H2(Ω).
Next, we bound the term |∇ρ(h)| by using (4.10) as follows:
|∇ρ(h)| ≤ |∇(ρ(h)− ρn+1h )|+ |∇ρn+1h | ≤ C h |ρ(h)|H2(Ω) + |∇ρn+1h |.
Therefore, by using (4.5)
‖∇ρn+1h ‖L3(Ω) ≤ C h1/2|ρ(h)|H2(Ω) + C |∇ρn+1h |1/2|ρ(h)|1/2H2(Ω)
≤ C h1/2|Δhρn+1h |+ C |∇ρn+1h |1/2|Δhρn+1h |1/2.
On the other hand, by considering ρ¯h = −Δhρn+1h in (4.1), we get
|Δhρn+1h |2 ≤ |∇ρn+1h ||∇Δhρn+1h | ≤
C
h
|∇ρn+1h ||Δhρn+1h |,
where we have used the inverse inequality between L2 and H1. The last two estimates
imply (4.14).
5. Weak convergence. To study the convergence of scheme (1.8)–(1.10), we
deﬁne the following functions.
Definition 5.1. One deﬁnes uh,k (respectively, ûh,k, ŵh,k, and ph,k) as the
piecewise constant functions taking values un+1h on (tn, tn+1] (respectively, u
n
h, w
n
h,
and pn+1h ). Analogously, we deﬁne ρh,k and ρ̂h,k. Moreover, one deﬁnes ρ˜h,k ∈
C0([0, T ];Vh) as the piecewise linear functions such that ρ˜h,k(tn) = ρ
n
h.
Lemma 3.2, Corollary 3.3, Theorem 3.5, Theorem 4.1, and Corollary 4.2 imply
the following estimates (independent of h and k, but some of them depend on λ):
{uh,k}h,k, {ûh,k}h,k, {ŵh,k}h,k in L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H10(Ω)),
{ρ˜h,k}h,k, {ρh,k}h,k, {ρ̂h,k}h,k in L∞(0, T ;H1(Ω)) ∩ L∞(Q),
{ρh,k}h,k in L4(0, T ;W 1,3(Ω)).
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Now let us pass to the limit in both discrete free-divergence equations (1.10) and
(3.1). Consider q ∈ C0([0, T ];C∞(Ω)) such that ∫
Ω
q(x) dx = 0, qnh = Khq(tn) ∈Mh,
and q¯nh = K˜hq(tn) ∈ M˜h. Deﬁne qh,k and q¯h,k as ph,k in Deﬁnition 5.1. On the other
hand, we know that there exist two limit functions w and u belonging to H10(Ω) such
that uh,k → u and wh,k → w weakly in L2(0, T ;H10(Ω)) as (h, k) → 0. Thus, we
write from (1.10)
0 = k
N∑
n=1
(∇ · unh, qnh) =
∫ T
0
(∇ · uh,k, qh,k) dt→
∫ T
0
(∇ · u, q) dt = 0
for all q ∈ C0([0, T ];C∞(Ω)), with ∫
Ω
q(x) dx = 0. A density argument says u ∈ V.
In an analogous way, we can also prove that w ∈ V.
Next, we wish to derive a test function for (1.7), a discrete free-divergence ap-
proximation of a function v ∈ C∞c (Ω), with ∇ · v = 0.
Lemma 5.2. Let w¯ ∈ C∞c (Ω). Then there exists w¯h ∈ V˜h such that:
w¯h → w¯ in H10(Ω) and (∇ · w¯h, q¯h) = (∇ · w¯, q¯h) ∀ q¯h ∈ M˜h.
A proof of this result can be found in [11].
By taking into account previous arguments, we can arrive at the following result.
Lemma 5.3. Under the hypotheses of Theorem 3.5 there exist subsequences of
{uh,k}h,k, {ûh,k}h,k, {ŵh,k}h,k, {ρh,k}h,k,λ, {ρ̂h,k}h,k, and {ρ˜h,k}h,k (denoted in the
same way) and limit functions u, ρ verifying the following weak convergences as
(h, k) → 0:
uh,k → u, ûh,k → u, ŵh,k → u in
{
L2(0, T ;H10(Ω))-weak,
L∞(0, T ;L2(Ω))-weak∗,
ρh,k → ρ, ρ̂h,k → ρ, ρ˜h,k → ρ in
{
L∞(Q)-weak∗,
L∞(0, T ;H1(Ω))-weak∗,
ρ̂h,k → ρ in L4(0, T ;W 1,3(Ω))-weak.
Proof. Let us prove only that ŵh,k → u in L2(0, T ;H10(Ω)-weak. Consider
v ∈ C0([0, T ];C∞c (Ω)), with ∇ · v = 0 and vnh ∈ V˜h an approximation of v(tn) given
by Lemma 5.2. Deﬁne vh,k ∈ L∞(0, T ; V˜h) as the piecewise constant functions taking
values vn+1h on (tn, tn+1] which veriﬁes vh,k → v in L∞(0, T ;H10(Ω)). Next, by
testing (1.7) by the test function vnh, we have (∇(wnh − unh),∇vnn) = 0, since the
pressure term vanishes. By multiplying by the time step k, summing over n, and
passing to limit as (h, k) tend to zero, we infer that∫ T
0
(∇(w− u),∇v) = 0 ∀v ∈ C0([0, T ];C∞c (Ω)), with ∇ · v = 0.
A density argument provides that this equality holds for any v ∈ L2(0, T ;V). There-
fore, we can choose v = w − u (since ∇ · u = 0 and ∇ · w = 0); then
w = u.
6. Strong convergence. As usual for nonlinear systems, strong convergence in
some suitable space is necessary to identify the limit of the nonlinear terms.
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6.1. Strong convergence for the density in L2(Ω).
Lemma 6.1. Under the hypotheses of Theorem 4.1, one has:
k
N∑
n=0
∣∣∣∣ρn+1h − ρnhk
∣∣∣∣4/3 ≤ Cλ,
where Cλ > 0 is independent of h and k (but depends on λ).
Proof. We consider Ph : L
2(Ω) →Wh the orthogonal projector, deﬁned as (Phw−
w,wh) = 0 for any wh ∈ Wh. Let w ∈ L2(Ω). By taking in (1.8) as a test function
wh = Phw, we arrive at(
ρn+1h − ρnh
k
,w
)
+
(
wnh · ∇ρn+1h , Phw
)
− λ
(
Δhρ
n+1
h , w
)
= 0,
where we have used the deﬁnition of Ph in the ﬁrst and last terms. By taking into
account the stability of the projector operator |Phw| ≤ |w|, we get∣∣∣∣ρn+1h − ρnhk
∣∣∣∣ ≤ ‖wnh‖L6(Ω)‖∇ρn+1h ‖L3(Ω) + λ |Δhρn+1h |.
By summing up over n and using the estimates of {ŵh,k}h,k in L2(0, T ;L6(Ω)) (due
to the estimates in L2(0, T ;H1(Ω))), of {λΔhρh,k}h,k in L2(0, T ;L2(Ω)), and of
{∇ρh,k}h,k in L4(0, T ;L3(Ω)) (this last estimate depends on λ), we can conclude
the result.
Remark 6.2. As a consequence of the previous lemma, the estimate∥∥∥∥ ddt ρ˜h,k
∥∥∥∥
L4/3(0,T ;L2(Ω))
≤ Cλ
holds. On the other hand, from Lemma 3.2, we get ‖ρ˜h,k‖L∞(0,T ;H1(Ω)) ≤ Cλ. Then,
thanks to an Aubin–Lions compactness argument, one has ρ˜h,k → ρ in L∞(0, T ;Lp(Ω))
as (h, k) → 0, with p < 6. From this convergence, we deduce that ρh,k, ρ̂h,k → ρ in
L2(0, T ;L2(Ω)) as (h, k) → 0, since
‖ρ˜h,k − ρk,h‖2L2(0,T ;L2(Ω)) ≤ ‖ρ̂h,k − ρk,h‖2L2(0,T ;L2(Ω)) = k
N−1∑
n=0
|ρn+1h − ρnh|2 ≤ C k.
6.2. Strong convergence for the velocity.
Proposition 6.3. Under the hypotheses of Theorem 4.1, the following estimate
holds: ∫ T−δ
0
∣∣∣√ρh,k(t+ δ)(uh,k(t+ δ)− uh,k(t))∣∣∣2 dt ≤ Cλ δ1/4 ∀ δ : 0 < δ < T,(6.1)
where Cλ > 0 is independent of h, k, and δ (but depends on λ).
Proof. Throughout the proof we will keep in mind Lemmas 3.2 and 4.1 and
Remark 3.3. As ρh,k and uh,k are piecewise constant functions, it suﬃces to suppose
that δ is proportional to the time step k, i.e., δ = r k for any r = 0, . . . , N . Then, to
obtain (6.1), it suﬃces to prove that
k
N−r∑
m=0
|
√
ρm+rh (u
m+r
h − umh )|2 ≤ Cλ (r k)1/4 ∀ r : 0 ≤ r ≤ N.(6.2)
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Let us write the time derivative of the discrete momentum system (1.9) in con-
servative form. By adding at the right- and left-hand sides of (1.9) the term
1
2
(
ρn+1h − ρnh
k
,un+1h · u¯h
)
:
⎧⎪⎪⎨⎪⎪⎩
(
ρn+1h u
n+1
h − ρnhunh
k
, u¯h
)
+ a
(
ρn+1h ,u
n+1
h , u¯h
)
−
(
pn+1h ,∇ · u¯h
)
+ c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h , u¯h
)
=
(
ρn+1h f
n+1, u¯h
)
+
1
2
(
ρn+1h − ρnh
k
,un+1h · u¯h
)
.
(6.3)
By multiplying (6.3) by k and summing for n = m, . . . ,m− 1 + r, we have⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(
ρm+rh u
m+r
h − ρmh umh , u¯h
)
+ k
m−1+r∑
n=m
a
(
ρn+1h ,u
n+1
h , u¯h
)
−
m−1+r∑
n=m
(
pn+1h ,∇ · u¯h
)
+ k
m−1+r∑
n=m
c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h , u¯h
)
= k
m−1+r∑
n=m
(
ρn+1h f
n+1, u¯h
)
+
k
2
m−1+r∑
n=m
(
ρn+1h − ρnh
k
,un+1h · u¯h
)
.
By taking u¯h = u
m+r
h − umh and making use of the identity
ρm+rh u
m+r
h − ρmh umh = ρm+rh (um+rh − umh ) + (ρm+rh − ρmh )umh ,(6.4)
we get⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
|
√
ρm+rh (u
m+r
h − umh )|2 = −
(
ρm+rh − ρmh ,umh · (um+rh − umh )
)
− k
m−1+r∑
n=m
{
a
(
ρn+1h ,u
n+1
h ,u
m+r
h − umh
)
+ c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h ,um+rh − umh
)}
+ k
m−1+r∑
n=m
{(
ρn+1h f
n+1,um+rh − umh
)
+
1
2
(
ρn+1h − ρnh
k
,un+1h · (um+rh − umh )
)}
.
(6.5)
On the other hand, by taking ρ¯h = ρ
m+r
h −ρmh as a test function in the density scheme
(4.2), multiplying by k, and summing for n = m, . . . ,m− 1 + r, we obtain
|ρm+rh − ρmh |2 = −k
m−1+r∑
n=m
(
wnh · ∇ρn+1h − λΔhρn+1h , ρmh − ρm+rh
)
≤ k
m−1+r∑
n=m
(‖wnh‖L6(Ω)‖∇ρnh‖L3(Ω) + λ|Δhρn+1h |)|ρmh − ρm+rh |.
Therefore,
|ρmh − ρm+rh | ≤ C
(
k
m−1+r∑
n=m
‖wnh‖2L6(Ω)
)1/2(
k
m−1+r∑
n=m
‖∇ρnh‖4L3(Ω)
)1/4
(rk)1/4
+ C
(
k
m−1+r∑
n=m
λ|Δhρn+1h |2
)1/2
(rk)1/2 ≤ Cλ (rk)1/4 + C(rk)1/2,
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where Cλ > 0 is a constant independent of h and k (and depending on λ). Then we
have
max
1≤m≤N
|ρmh − ρm+rh | ≤ Cλ (r k)1/4.(6.6)
By multiplying (6.5) by k and summing for m = 0, . . . , N − r, we are going to
get the desired bound (6.2) using (6.6). Indeed, from (6.6), one can obtain (with a
similar argument as in [11])
−k
N−r∑
m=0
(
ρmh − ρm+rh ,umh · (um+rh − umh )
)
≤ Cλ(rk)1/4.
We analyze only the two terms whose estimates will be diﬀerent from the ones
done in [11]:
J1 := −k2
N−r∑
m=0
m−1+r∑
n=m
c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h ,um+rh − umh
)
,
J2 :=
k2
2
N−r∑
m=0
m−1+r∑
n=m
(
ρn+1h − ρnh
k
,un+1h · (um+rh − umh )
)
.
To estimate J1, we use (1.11) as follows:
J1 ≤ C k2
N−r∑
m=0
m−1+r∑
n=m
‖ρn+1h unh − λ∇ρn+1h ‖L3(Ω)‖un+1h ‖‖um+rh − umh ‖
≤ C k2
N−r∑
m=0
m−1+r∑
n=m
(‖ρn+1h ‖L∞(Ω)‖unh‖L3(Ω) + λ‖∇ρn+1h ‖L3(Ω)) ‖un+1h ‖‖um+rh − umh ‖.
By interchanging the sum order (Fubini’s discrete rule) and using the fact that
‖ρn+1h ‖L∞(Ω) ≤ C,
J1 ≤ C k2
N−1∑
n=0
(
‖unh‖L3(Ω) + λ‖∇ρn+1h ‖L3(Ω)
)
‖un+1h ‖
n∑
m=n−r+1
‖um+rh − umh ‖,
where
n =
⎧⎨⎩
0 if n < 0,
n if 0 ≤ n ≤ N − r,
N − r if n > N − r.
Next, by taking into account that |n− n− r + 1| ≤ r and Corollary 4.2, we get
J1 ≤ C k
N−1∑
n=0
(
‖unh‖L3(Ω) + λ‖∇ρn+1h ‖L3(Ω)
)
‖un+1h ‖⎛⎝ n∑
m=n−r+1
k‖um+rh − umh ‖2
⎞⎠1/2⎛⎝ n∑
m=n−r+1
k
⎞⎠1/2
≤ C(r k)1/2
(
k
N−1∑
n=0
(
‖unh‖L3(Ω) + λ‖∇ρn+1h ‖L3(Ω)
)2)1/2(
k
N−1∑
n=0
‖un+1h ‖2
)1/2
≤ C (r k)1/2.
In the same way, we can bound the term k2
∑N−r
m=0
∑m−1+r
n=m a(ρ
n+1
h ,u
n+1
h ,u
m+r
h −umh ).
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We bound J2 as follows:
J2 ≤ C k2
N−r∑
m=0
m−1+r∑
n=m
∣∣∣∣ρn+1h − ρnhk
∣∣∣∣ ‖un+1h ‖L3(Ω)‖um+rh − umh ‖
(Fubini) ≤ C k2
N−1∑
n=0
∣∣∣∣ρn+1h − ρnhk
∣∣∣∣ ‖un+1h ‖1/2|un+1h |1/2 n∑
m=n−r+1
‖um+rh − umh ‖
≤ C k
N−1∑
n=0
∣∣∣∣ρn+1h − ρnhk
∣∣∣∣ ‖un+1h ‖1/2
⎛⎝k n∑
m=n−r+1
‖um+rh − umh ‖2
⎞⎠1/2 (rk)1/2
≤ C (rk)1/2
(
k
N−1∑
n=0
∣∣∣∣ρn+1h − ρnhk
∣∣∣∣4/3
)3/4(
k
N−1∑
n=0
‖un+1h ‖2
)1/4
≤ Cλ(rk)1/2.
Remark 6.4. From the weak estimates of the discrete velocity uh,k in L
∞(0, T ;
L2(Ω))∩L2(0, T ;H10(Ω)) and the fractional in time estimate of uh,k given in (6.1), we
can apply a compactness result [17] and obtain uh,k → u in L2(0, T ;L2(Ω))-strong.
Consequently, thanks to estimate (iii), ûh,k → u in L2(0, T ;L2(Ω))-strong. Finally,
since {uh,k}h,k is bounded in L∞(0, T ;L2(Ω)) we improve the compactness of {uh,k}h,k
to the Lp(0, T ;L2(Ω)) space, with p <∞.
6.3. Strong convergence for the density in H1(Ω). By using the com-
pactness of the discrete density in L2(0, T ;L2(Ω)) and comparing the equation for
the discrete Laplacian and its limit (see [11]), one can obtain the convergence of the
L2(0, T ;L2(Ω))-norm of ∇ρh,k towards the same norm of ∇ρ. Consequently, one has
‖ρh,k − ρ‖L2(0,T ;H1(Ω)) → 0 as (h, k) → 0.
7. Passing to the limit.
7.1. Convergence for the density scheme. Thanks to the previous conver-
gences, we can prove [11] the convergence of the density scheme as (h, k) → 0, ob-
taining
ρt + u · ∇ρ− λΔρ = 0 in Q, ∂ρ
∂n
∣∣∣
Σ
= 0, ρ(0) = ρ0 in Ω.(7.1)
7.2. Convergence for the momentum scheme. We use the following con-
vergence result, which is similar to Lemma 5.2.
Lemma 7.1. Let u¯ ∈ C∞c (Ω). Then there exists u¯h ∈ Vh such that:
u¯h → u¯ in H10(Ω) and
(
∇ · u¯h, qh
)
=
(
∇ · u¯, qh
)
∀ qh ∈Mh.
To pass to the limit in the discrete momentum system, we consider v ∈ C1([0, T ];
C∞c (Ω)), with∇·v = 0 and v(T ) = 0. We deﬁne vnh as the projection of v(tn) furnished
by Lemma 7.1. We deﬁne vh,k ∈ L∞(0, T ;Vh) as the piecewise constant functions tak-
ing values vn+1h on (tn, tn+1] and let v˜h,k ∈ C0([0, T ];Vh) be the piecewise linear, glob-
ally continuous functions and such that v˜h,k(tn) = v
n
h. It is known that, as (h, k) → 0,
vh,k → v in L∞(0, T ;H10(Ω)), v˜h,k → v in W 1,∞(0, T ;H10(Ω)).
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By taking u¯h = v
n+1
h as a test function in (6.3), multiplying by k, summing over n,
and using the expression (discrete integration by parts in time)
N−1∑
n=0
(
ρn+1h u
n+1
h −ρnhunh, vn+1h
)
=
(
ρNh u
N
h , v
N
h
)
−
N−1∑
n=0
(
ρnhu
n
h, v
n+1
h −vnh
)
−
(
ρ0hu0h, v
0
h
)
and the fact that vNh = 0 (since v(T ) = 0), the following “conservative” formulation
holds: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
− k
N−1∑
n=0
(
ρnhu
n
h,
vn+1h − vnh
k
)
−
(
ρ0hu0h, v
0
h
)
+ k
N−1∑
n=0
c(ρn+1h u
n
h − λ∇ρn+1h ,un+1h , vn+1h ) + k
N−1∑
n=0
a(un+1h , v
n+1
h )
= k
N−1∑
n=0
(
ρn+1h f
n+1, vn+1h
)
+ k
N−1∑
n=0
1
2
(
ρn+1h − ρnh
k
,un+1h · vn+1h
)
.
Next, by taking into account Deﬁnition 5.1,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
−
∫ T
0
(
ρ̂h,kûh,k,
∂
∂t
v˜h,k
)
−
(
ρ0hu0h, v
0
h
)
+
∫ T
0
c
(
ρh,kûh,k − λ∇ρh,k,uh,k, vh,k
)
+
N−1∑
n=0
a
(
ρh,k,uh,k, vh,k
)
=
∫ T
0
(
ρh,kfk, vh,k
)
+
1
2
∫ T
0
(
∂
∂t
ρ˜h,k,uh,k · vh,k
)
.
This variational formulation of the discrete momentum system allows us to pass
to the limit in a standard way. We pass to the limit only in the last term on the right-
hand side since this term does not appear in the theoretical analysis. We know that
∂
∂t ρ˜h,k → ∂∂tρ weakly in L4/3(0, T ;L2(Ω)) and uh,k → u strongly in Lp(0, T ;L2(Ω)),
with p <∞, and is bounded in L4(0, T ;L3(Ω)), and hence ∂∂t ρ˜h,kuh,k → ∂∂tρu weakly
in L1(0, T ;L6/5(Ω)). As vh,k → v in L∞(0, T ;H10(Ω)), we have∫ T
0
(
∂
∂t
ρ˜h,k,uh,k · vh,k
)
→
∫ T
0
(
∂
∂t
ρ,u · v
)
as (h, k) → 0.
This concludes the proof of Theorem 1.1.
Remark 7.2. A variant of the Kazhikhoz–Smagulov model is obtained by replacing
the linear diﬀusion term −∇·(μ∇u) in (1.1) by a nonlinear diﬀusion term −λ∇·(ρ∇u)
(i.e., taking μ = λρ). It is a model of pollution studied by Bresch, Essouﬁ, and Sy
in [4, 5], where they prove the existence of a global in time weak solution, without
imposing the restrictive hypothesis (1.5) on the coeﬃcients.
The scheme that we design for this model is obtained by replacing the stabilizing
term of the momentum system
−λ
∫
Ω
M +m
2
(∇un+1h )t : ∇u¯h dx
by the term λm2 (∇ · un+1h ,∇ · u¯h) and the remainder with the following scheme:
Given (ρnh,u
n
h, p
n
h) ∈Wh ×Vh ×Mh,
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1. ﬁnd (wnh, q
n
h) ∈ V˜h × M˜h such that, for each (w¯h, q¯h) ∈ V˜h × M˜h,(
∇wnh,∇w¯h
)
−
(
qnh ,∇ · w¯h
)
=
(
∇unh,∇w¯h
)
,
(
∇ ·wnh, q¯h
)
= 0;(7.2)
2. ﬁnd ρn+1h ∈Wh such that, for each ρ¯h ∈Wh,(
ρn+1h − ρnh
k
, ρ¯h
)
+
(
wnh · ∇ρn+1h , ρ¯h
)
+ λ
(
∇ρn+1h ,∇ρ¯h
)
= 0;(7.3)
3. ﬁnd (un+1h , p
n+1
h ) ∈ Vh ×Mh such that, for each (u¯h, p¯h) ∈ Vh ×Mh,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(
ρnh
un+1h − unh
k
, u¯h
)
+
1
2
(
ρn+1h − ρnh
k
,un+1h · u¯h
)
+ c
(
ρn+1h u
n
h − λ∇ρn+1h ,un+1h , u¯h
)
+ λ
(
ρn+1h (∇un+1h − (∇un+1h )t),∇u¯h
)
+
λm
2
(
∇ · un+1h ,∇ · u¯h
)
=
(
ρn+1h f
n+1, u¯h
)
+
(
pn+1h ,∇ · u¯h
)
,
(7.4)
(
∇ · un+1h , p¯h
)
= 0.(7.5)
By following the arguments of this paper, one may establish the same conclusions of
Theorem 1.1 for this scheme.
8. Asymptotic behavior when λ → 0. In this section we are interested in
the asymptotic behavior of scheme (1.8)–(1.10) when the diﬀusion parameter λ goes
to zero. More precisely, we will see that, by imposing the stability condition
(S′) h/(kλ2) → 0 as (λ, h, k) → 0
and completing (H2) with the additional approximation property
(H2′) |ρ¯− Ihρ¯| ≤ C h2/3‖ρ¯‖W 1,3/2(Ω) ∀ ρ¯ ∈W 1,3/2(Ω),
then scheme (1.8)–(1.10) approximates, as (h, k, λ) → 0, to a weak solution of the
density-dependent Navier–Stokes problem (1.6), which is deﬁned as follows.
Definition 8.1. A pair (ρ,u) is said to be a weak solution of (1.6) in (0, T ) if:
(a) u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;V), ρ ∈ L∞(Q), with 0 < m ≤ ρ(x, t) ≤ M
a.e. (x, t) ∈ Q;
(b) for all φ ∈ C1([0, T ];V), with φ(T ) = 0,∫ T
0
{−(ρu, φt + (u · ∇)φ) + μ(∇u,∇φ)} dt =
∫ T
0
(ρf, φ) dt+ (ρ0u0, φ(0));
(c) for all ϕ ∈ C1([0, T ];H1(Ω)), with ϕ(T ) = 0,
−
∫ T
0
(ρ, ϕt) dt−
∫ T
0
(ρu,∇ϕ) dt = (ρ0, ϕ(0)).
The rest of this section is devoted to the proof of Theorem 1.2.
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8.1. Uniform estimates with respect to (h, k, λ). By following arguments
of the previous sections and assuming (S′) and (h, k, λ) small enough, we can obtain
the following estimates independent of h, k, and λ (now we denote piecewise functions
associated to the scheme also with the parameter λ explicitly):
{uh,k,λ}h,k,λ, {ûh,k,λ}h,k,λ, {ŵh,k,λ}h,k,λ in L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H10(Ω)),
{ρ˜h,k,λ}h,k,λ, {ρh,k,λ}h,k,λ, {ρ̂h,k,λ}h,k,λ in L∞(Q),
λ1/2{ρh,k,λ}h,k,λ, λ1/2{ρ̂h,k,λ}h,k,λ in L∞(0, T ;H1(Ω)),
λ3/4{ρh,k,λ}h,k,λ in L4(0, T ;W 1,3(Ω)),
λ3/4
{
∂
∂t
ρ˜h,k,λ
}
h,k,λ
in L4/3(0, T ;L2(Ω)).
In addition, 0 < m˜ ≤ ρh,k,λ, ρ̂h,k,λ, ρ˜h,k,λ ≤ M˜ in Q,
‖ρ˜h,k,λ − ρh,k,λ‖L2(0,T ;L2(Ω)) ≤ ‖ρh,k,λ − ρ̂h,k,λ‖L2(0,T ;L2(Ω)) ≤ C
√
k,
‖uh,k,λ − ûh,k,λ‖L2(0,T ;H10(Ω)) ≤ C
√
k.
In fact, we have the following result.
Lemma 8.2. By assuming (S′) and (h, k, λ) small enough, there exist subsequences
of {uh,k,λ}h,k, {ûh,k,λ}h,k, {ρh,k,λ}h,k,λ, {ρ̂h,k,λ}h,k, and {ρ˜h,k,λ}h,k (denoted in the
same way) and limit functions u and ρ, such that ∇·u = 0 a.e. in Ω, and the following
weak convergences hold as (h, k, λ) → 0:
uh,k,λ → u, ûh,k,λ → u, ŵh,k,λ → u in
{
L2(0, T ;H10(Ω))-weak,
L∞(0, T ;L2(Ω))-weak∗,
ρ˜h,k,λ → ρ, ρh,k,λ → ρ, ρ̂h,k,λ → ρ in L∞(Q)-weak ∗ .
8.2. Compactness.
Proposition 8.3. Under the hypotheses of Lemma 8.2, the estimate∫ T−δ
0
∣∣∣√ρh,k,λ(t+ δ)(uh,k,λ(t+ δ)− uh,k,λ(t))∣∣∣2 dt ≤ C δ1/2 ∀ δ : 0 < δ < T(8.1)
holds, with C > 0 independent of h, k, δ, and λ.
In particular, since ρh,k,λ ≥ m˜, then
uh,k,λ → u, wh,k,λ → u in L2(0, T ;L2(Ω)) as (h, k, λ) → 0.
Proof. Again, since ρh,k,λ and uh,k,λ are piecewise constant functions, (8.1) is
equivalent to
k
N−r∑
m=0
|
√
ρm+rh (u
m+r
h − umh )|2 ≤ C (r k)1/2 ∀ r : 0 ≤ r ≤ N.(8.2)
By following the proof of Proposition 6.3, one observes that the terms which are
not necessarily bounded independent of λ are
T1 := k
2
N−r∑
m=0
m−1+r∑
n=m
(
ρn+1h − ρnh
k
,un+1h · (um+rh − umh )
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and
T2 := −k
N−r∑
m=0
(
ρm+rh − ρmh ,umh · (um+rh − umh )
)
.
Here we are going to bound these terms.
We consider the projection operator on Wh with respect to L
2(Ω)-inner product:
Ph : L
2(Ω) →Wh such that (Phv, w) = (v, w) ∀w ∈Wh.
We take ρ¯h = Ph(u
n+1
h · (um+rh − umh )) ∈Wh in (4.2), arriving at(
ρn+1h − ρnh
k
,un+1h · (um+rh − umh )
)
+ (wnh · ∇ρn+1h , Ph(un+1h · (um+rh − umh )))
− λ
(
Δhρ
n+1
h ,u
n+1
h · (um+rh − umh )
)
= 0,
(8.3)
where we have used the deﬁnition of projection operator in L2(Ω) in the ﬁrst and the
last term. Thus, we decompose T1 = T1,1 + T1,2, where:
T1,1 = −k2
N−r∑
m=0
m−1+r∑
n=m
(wnh · ∇ρn+1h , Ph(un+1h · (um+rh − umh ))),
T1,2 = λk
2
N−r∑
m=0
m−1+r∑
n=m
(Δhρ
n+1
h ,u
n+1
h · (um+rh − umh )).
By writing T1,1 as follows:
T1,1 = −k2
N−r∑
m=0
m−1+r∑
n=m
(wnh · ∇ρn+1h , Ph(un+1h · (um+rh − umh ))− un+1h · (um+rh − umh ))
− k2
N−r∑
m=0
m−1+r∑
n=m
(wnh · ∇ρn+1h ,un+1h · (um+rh − umh )) := T 11,1 + T 21,1,
we bound it as
T 11,1 ≤ C k2
N−r∑
m=0
m−1+r∑
n=m
‖wnh‖L6(Ω)‖∇ρn+1h ‖L3(Ω)h2/3‖un+1h ‖‖um+rh − umh ‖,
where we have used the inequalities |ρ¯ − Phρ¯| ≤ |ρ¯ − Ihρ¯| ≤ C h2/3‖ρ¯‖W 1,3/2(Ω) and
‖un+1h · (um+rh −umh )‖W 1,3/2(Ω) ≤ ‖un+1h ‖‖um+rh −umh ‖. Next, by taking (λ, h, k) small
enough and such that
h2/3 ≤ C λ3/4k1/2,(8.4)
using the fact that λ3/4k1/2‖∇ρn+1h ‖L3(Ω) ≤ C (with C independent of λ, h, k), and
applying the discrete Fubini rule, we arrive at the estimate T 11,1 ≤ C (rk)1/2.
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The bound T 21,1 ≤ C (rk)1/2 is obtained easily by integrating by parts and using
the pointwise bound ‖ρn+1h ‖L∞(Ω) ≤ C (where C is independent of λ):
T 21,1 ≤ k2
N−r∑
m=0
m−1+r∑
n=m
(|∇ ·wnh||un+1h · (um+rh − umh )|+ ‖wnh‖L6 |∇un+1h |‖um+rh − umh ‖L3)
+ k2
N−r∑
m=0
m−1+r∑
n=m
‖wnh‖L6‖un+1h ‖L3 |∇(um+rh − umh )|
≤ C k2
N−1∑
n=0
‖wnh‖‖un+1h ‖
n∑
m=n−r+1
‖um+rh − um‖ ≤ C(r k)1/2.
The bound T1,2 ≤ C(rk)1/2 is obtained using the fact that λ2 k
∑N−1
n=0 |Δhρn+1h |2 ≤ C
and Fubini’s rule.
By summing up (8.3) multiplied by k2 for n = m, . . . ,m+r−1 and then summing
up for m = 0, . . . , N − r, we can write T2 as:
T2 = −k2
N−r∑
m=0
m+r−1∑
n=m
(wnh ·∇ρnh, Ph(umh · (um+rh −umh ))−λ(Δhρn+1h ,umh · (um+rh −umh )).
These new terms are bounded in an analogous manner (now, without using Fubinis’s
rule), resulting in
T2 ≤ C(rk)1/2.
Note that the restriction on the parameters (8.4) imposed to get the bound of
T 11,1 is included in the constraint (S
′) imposed to obtain a priori estimates. Indeed,
(8.4) is equivalent to 1
λ3/4
h2/3
k1/4
≤ C. But as
lim
(h,k,λ)→0
(
1
λ
√
h
k
)/( 1
λ3/4
h2/3
k1/4
)
= lim
(h,k,λ)→0
1
λ1/4k1/2h1/6
= ∞,
then 1
λ3/4
h2/3
k1/4
≤ C 1λ
√
h
k → 0 (thanks to (S′)).
Remark 8.4. By comparing the fractional in time estimates for the discrete
velocity in the case of λ ﬁxed (done in Proposition 6.3) with respect to the case of
λ → 0 (done now in Proposition 8.3), one can observe that condition (8.4) on the
parameters h and k imposed now in the proof of Proposition 8.3 is not necessary in
the case of λ ﬁxed; however, in this case only order (rk)1/4 is obtained. Now, in the
case λ → 0, we have to impose constraint (8.4), and the estimate order is improved
from (rk)1/4 to (rk)1/2.
8.3. Passing to the limit.
8.3.1. Density equation. Let η ∈ C1([0, T ];C∞c (Ω)) such that η(T ) = 0. We
deﬁne ηnh as the interpolation inWh of η(tn) and ηh,k ∈ L∞(0, T ;Wh)) as the piecewise
constant function taking values ηn+1h in (tn, tn+1] and let η˜h,k ∈ C0([0, T ];Wh)) be
the piecewise linear, globally continuous function such that η˜h,k(tn) = η
n
h . One has,
as (h, k) → 0,
ηk,h → η in L∞(0, T ;H1(Ω)) and η˜k,h → η in W 1,∞(0, T ;H1(Ω)).
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By using these discrete test functions in the discrete density formulation (1.8), to-
gether with an integration by parts in time, we arrive [11] at the formulation
∫ T
0
(
ρ̂h,k,λ,− d
dt
η˜h,k
)
+λ(∇ρh,k,λ,∇ηh,k)+ (ŵh,k,λ · ∇ρh,k,λ, ηh,k) = (ρ0h, η0h).(8.5)
Before taking a limit in (8.5), we rewrite the convective term in the following form:
∫ T
0
(ŵh,k,λ · ∇ρh,k,λ, ηh,k) dt = −
∫ T
0
(∇ · ŵh,k,λρh,k,λ, ηh,k) dt,
−
∫ T
0
(ρh,k,λŵh,k,λ,∇ηh,k) dt = −
∫ T
0
(ρh,k,λŵh,k,λ,∇ηh,k) dt,
where we have used Remark 3.1. Therefore, (8.5) remains as
∫ T
0
(
ρ̂h,k,λ,− d
dt
η˜h,k
)
+ λ(∇ρh,k,λ,∇ηh,k)− (ŵh,k,λ ρh,k,λ,∇ηh,k) = (ρ0h, η0h).
By taking into account the weak and strong convergences obtained in previous sub-
sections, it is possible to pass to the limit. Notice that, by arguing as in [9], one can
prove that
λ
∫ T
0
(∇ρh,k,λ,∇ηh,k) dt→ 0 as (h, k, λ) → 0.
8.3.2. Velocity system. Before taking a limit in the discrete momentum system
(1.9), we will write (1.9) in a completely conservative form. For this, summing to both
sides of (1.9) the terms
1
2
(
ρn+1h − ρnh
k
,un+1h · u¯h
)
− 1
2
(ρn+1h u
n
h − λ∇ρn+1h ,∇(un+1h · u¯h))
provides that, for each u¯h ∈ Vh,⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(
ρn+1h u
n+1
h − ρnhunh
k
, u¯h
)
− ((ρn+1h unh − λ∇ρn+1h )⊗ un+1h ,∇u¯h)
+ a
(
ρn+1h ,u
n+1
h , u¯h
)
= (ρn+1h f
n+1, u¯h) + (p
n+1
h ,∇ · u¯h)
+
1
2
(
ρn+1h − ρnh
k
,un+1h · u¯h
)
− 1
2
(ρn+1h u
n
h − λ∇ρn+1h ,∇(un+1h · u¯h)).
(8.6)
Now we consider Qh the projector operator onto Wh with respect to the H
1-norm:
Qh : H
1(Ω) →Wh such that (Qhv, w)H1(Ω) = (v, w)H1(Ω) ∀w ∈Wh,
where (·, ·)H1(Ω) denotes the usual H1-inner product.
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By subtracting from the second member of (8.6) the result of taking ρ¯h =
1
2Qh(u
n+1
h ·
u¯h) as a test function in (1.8) and integrating by parts the convective term, one has⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(
ρn+1h u
n+1
h − ρnhunh
k
, u¯h
)
−
(
(ρn+1h u
n
h − λ∇ρn+1h )⊗ un+1h ,∇u¯h
)
+ a
(
ρn+1h ,u
n+1
h , u¯h
)
=
(
ρn+1h f
n+1, u¯h
)
+
(
pn+1h ,∇ · u¯h
)
+
1
2
(
ρn+1h − ρnh
k
,un+1h · u¯h −Qh(un+1h · u¯h)
)
− 1
2
(
ρn+1h w
n
h,∇(un+1h · u¯h −Qh(un+1h · u¯h))
)
− 1
2
(
ρn+1h (u
n
h −wnh),∇(un+1h · u¯h)
)
+
1
2
(
∇ ·wnh ρn+1h , Qh(un+1h · u¯h)
)
− λ
2
(
ρn+1h ,u
n+1
h · u¯h −Qh(un+1h · u¯h)
)
,
where we have used the deﬁnition of Qh in the last term on the right-hand side. Note
that the term (∇ ·wnh ρn+1h , Qh(un+1h · u¯h)) = 0 thanks to Remark 3.1.
In a similar way to section 7, we arrive at⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
−
∫ T
0
(
ρ̂h,k,λûh,k,λ,
∂
∂t
v˜h,k
)
−
(
ρ0hu0h, v
0
h
)
−
∫ T
0
(
ρh,k,λûh,k − λ∇ρh,k,λ ⊗ uh,k,λ,∇vh,k
)
+ a
(
ρh,k,λ,uh,k,λ, vh,k
)
=
∫ T
0
(
ρh,k,λfk, vh,k
)
+
1
2
∫ T
0
(
∂
∂t
ρ˜h,k,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)
)
− 1
2
∫ T
0
(
ρh,k,λŵh,k,λ,∇(uh,k,λ · vh,k −Qh(uh,k,λ · vh,k))
)
− 1
2
∫ T
0
(
ρh,k,λ(ûh,k,λ − ŵh,k,λ),∇(uh,k,λ · vh,k −Qh(uh,k,λ · vh,k))
)
− λ
2
k
∫ T
0
(
ρh,k,λ,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)
)
:=
∫ T
0
(
ρh,k,λfk, vh,k
)
+R1 +R2 +R3 +R4,
where vh,k and v˜h,k are suitable approximations of a test function v∈C1([0, T ];C∞c (Ω)).
Again, by using the estimates independent of λ and arguing as in the continuous
case [9], one can prove that
λ
∫ T
0
(∇ρh,k,λ ⊗ uh,k,λ,∇vh,k) → 0 as (h, k, λ) → 0,
λ
∫ T
0
(
ρh,k,λ − M˜ + m˜
2
)
(∇uh,k,λ)t,∇vh,k → 0 as (h, k, λ) → 0.
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To ﬁnish the passage to the limit, we show only that the residual terms Ri vanish
as (h, k, λ) → 0. For this, we impose that the sequence of test functions vh,k is
bounded in L∞(0, T ;W1,3(Ω) ∩L∞(Ω)).
We bound R1, thanks to estimates (ii) and (vi) of Lemma 3.2, as follows:
R1 ≤ C
N−1∑
n=0
|ρn+1h − ρnh|h‖un+1h ‖‖vnh‖W 1,3∩L∞ ≤ C
h
k
→ 0 (thanks to (S′)).
By integrating by parts R2,
R2 = −
∫ T
0
(
ûh,k,λ · ∇ρh,k,λ,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)
)
−
∫ T
0
(
∇ · ûh,k,λ ρh,k,λ,uh,k,λ · vh,k −Qh(uh,k,λ · vh,k)
)
:= R12 +R
2
2.
By using the (duality) result of the Aubin–Nitsche type |u−Qhu| ≤ C h‖u‖H1(Ω), the
ﬁrst term of R2 can be estimated as follows:
R12 ≤
∫ T
0
‖ûh,k,λ‖‖∇ρh,k,λ‖L3(Ω)h‖uh,k,λ‖‖vh,k‖W 1,∞(Ω)
≤ C h
k1/4λ3/4
‖ûh,k,λ‖L2(0,T ;H10 (Ω))λ3/4k1/4‖∇ρh,k,λ‖L∞(0,T ;L3(Ω))
‖uh,k,λ‖L2(0,T ;H10 (Ω))
≤ C h
k1/4λ3/4
λ3/4‖∇ρh,k,λ‖L4(0,T ;L3(Ω)) ≤ C h
k1/4λ3/4
→ 0 (thanks to (S′)).
The convergence to zero of the other term R22 can be made in a similar way.
The term R3 is handled as follows:
R3 ≤
∫ T
0
‖ρh,k,λ‖L∞(Ω)|ûh,k,λ − ŵh,k,λ||∇(uh,k,λ · vh,k −Qh(uh,k,λ · vh,k))|
≤ C h
∫ T
0
‖ûh,k,λ − ŵh,k,λ‖‖uh,k,λ‖‖vh,k‖W 1,3(Ω)∩L∞(Ω) ≤ C h→ 0,
where we have used (3.8) and the stability property of Qh in the H
1-norm.
Finally, the convergence to zero of R4 is easy to deduce. This concludes the proof
of Theorem 1.2.
Remark 8.5. The asymptotic behavior as λ goes to zero of the scheme (7.2)–(7.5)
(see Remark 7.2), associated to a problem with density-dependent diﬀusion, remains
as an open problem. In fact, when λ → 0, both diﬀusion coeﬃcients (viscosity and
mass diﬀusion) vanish. Therefore, we ﬁnd a viscosity-vanishing problem, which is an
open problem even in the continuous case.
Appendix A: Proof of Lemma 3.4. We consider the following auxiliary semi-
discrete scheme: Find ρn+1 ∈ H2(Ω) as the solution of the problem:
ρn+1 − ρn
k
+wnh · ∇TMm ρn+1 − λΔρn+1 = 0 in Ω,
∂ρn+1
∂n
∣∣∣
∂Ω
= 0,(A.1)
where
TMm ρ
n+1(x, t) =
⎧⎨⎩ ρ
n+1(x, t) if ρn+1(x, t) ∈ [m,M ],
m if ρn+1(x, t) < m,
M if ρn+1(x, t) > M.
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Lemma A.1. Problem (A.1) has a unique solution.
Proof. Let R : H1(Ω) → H1(Ω) be deﬁned by Rw = v, where v is the weak
solution of the elliptic problem:
v
k
− λΔv = −wnh · ∇TMm w +
1
k
ρn in Ω,
∂v
∂n
∣∣∣
∂Ω
= 0.(A.2)
Notice that TMm w is deﬁned a.e. in Q. In addition, as −wnh · ∇TMm w+ 1kρn ∈ H1(Ω)′,
R is well-deﬁned, that is, there exists a unique v ∈ H1(Ω) such that Rw = v.
By using v as a test function in (A.2) and integrating by parts, we arrive at
1
k
|v|2 + λ|∇v|2 ≤ |∇ ·wnh| ‖TMm w‖L∞(Ω)|v|+ |wnh|‖TMm w‖L∞(Ω)|∇v|+
1
k
|ρn| |v|.
Since ‖TMm w‖L∞(Ω) = M , then ‖v‖H1(Ω) ≤ C, with C > 0 a constant independent of
w. Therefore, by taking any r ≥ C, one has that if ‖w‖H1(Ω) ≤ r, then ‖Rw‖H1(Ω) ≤
r. To apply Schauder’s ﬁxed point theorem we have to prove that R : H1(Ω) → H1(Ω)
is continuous and compact. For this, it suﬃces to demonstrate that
if wl ⇀ w in H
1(Ω), then Rwl → Rw in H1(Ω) as l→∞.
Indeed, from wl ⇀ w in H
1(Ω), it holds by compactness that wl → w in L2(Ω).
Therefore, there exists a subsequence, that to simplify notation is denoted in the same
way, such that wl → w a.e. in Ω. By virtue of dominated convergence theorem, we
have
wnh · ∇TMm wl +
1
k
ρn −→ wnh · ∇TMm w +
1
k
ρn in H1(Ω)′ as l→∞.(A.3)
On the other hand, the mapping h ∈ H1(Ω)′ → z ∈ H1(Ω), where z is the
solution
1
k
(
z, z¯
)
− λ
(
∇z,∇z¯
)
=
〈
h, z¯
〉
H1(Ω)′H1(Ω)
∀z¯ ∈ H1(Ω),
is linear and continuous (by the Lax–Milgram theorem). Then from (A.3) we have
Rwl → Rw in H1(Ω).
In conclusion, R|B(0,r) : B(0, r) → B(0, r) is continuous and compact. By
Schauder’s ﬁxed point theorem, we have the desired result after a regularity result for
elliptic equations.
Theorem A.2. The solution of problem (A.1) veriﬁes the maximum principle;
i.e., if m ≤ ρ0 ≤M , then m ≤ ρn ≤M for each n ≥ 1.
Proof. Let us ﬁrst see that if ρn ≤ M , then ρn+1 ≤ M . By multiplying (A.1)
by (ρn+1−M)+ and integrating over Ω (we denote f(x)+ = { f(x) if f(x) > 0,0 if f(x) ≤ 0, ), this
gives us (
ρn+1 − ρn
k
, (ρn+1 −M)+
)
+
(
wnh · ∇TMm ρn+1, (ρn+1 −M)+
)
+ λ(∇ρn+1,∇(ρn+1 −M)+) = 0.
By using properties of the positive part function and the fact that TMm ρ
n+1 = M as
(ρn+1 −M)+ = 0, we rewrite it as(
ρn+1 − ρn
k
, (ρn+1 −M)+
)
+ λ
(
∇(ρn+1 −M)+,∇(ρn+1 −M)+
)
= 0.(A.4)
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Therefore, we deduce from (A.4) that (ρn+1 − ρn, (ρn+1 −M)+) ≤ 0. By adding and
subtracting M , one arrives at ((ρn+1−M)− (ρn−M), (ρn+1−M)+) ≤ 0. Again, by
the properties of the positive part function, we obtain(
(ρn+1 −M), (ρn+1 −M)+
)
=
(
(ρn+1 −M)+, (ρn+1 −M)+
)
= |(ρn+1 −M)+|2.
By the induction hypothesis ρn − M ≤ 0, and then (ρn − M, (ρn+1 − M)+) ≤ 0.
Consequently, |(ρn+1 −M)+|2 ≤ (ρn −M, (ρn+1 −M)+) ≤ 0, and then ρn+1 ≤ M
holds.
The proof of the other bound—if ρn ≥ m, then ρn+1 ≥ m—can be obtained in
the same way.
Corollary A.3. Problem (A.1) is equivalent to problem (3.9).
Proof. Since ρn+1 the solution of problem (A.1) veriﬁes the maximum principle
m ≤ ρn+1 ≤ M , then, in particular from the deﬁnition of truncating operator TMm ,
one has TMm ρ
n+1 = ρn+1, and problem (A.1) is rewritten as problem (3.9).
From the uniqueness of the solution of problem (3.9), we have, in particular, that
problem (3.9) veriﬁes the maximum principle
0 < m ≤ ρn(x) ≤M ∀x ∈ Ω ∀n.
Therefore, to ﬁnish the proof of Lemma 3.4, it remains to prove strong estimates
(independent of λ, h, k) for the ρn+1 solution of (3.9). For this, it will be fundamental
to use the pointwise estimates m ≤ ρn+1 ≤M in Q.
We deﬁne ηn+1 = ρn+1 − 1|Ω|
∫
Ω
ρn+1, and hence 1|Ω|
∫
Ω
ηn+1 = 0. Then the
‖ηn+1‖H1-norm is equivalent to |∇ηn+1|, and the ‖ηn+1‖H2-norm is equivalent to
|Δηn+1|. Since m ≤ 1|Ω|
∫
Ω
ρn+1 ≤ M , the estimates for ‖ηn+1‖H1 and ‖ηn+1‖H2
imply estimates for ‖ρn+1‖H1 and ‖ρn+1‖H2 , respectively.
With this deﬁnition of ηn+1, problem (3.9) can be rewritten as:
ηn+1 − (ρn − 1|Ω|
∫
Ω
ρn+1)
k
+wnh · ∇ηn+1 − λΔηn+1 = 0 in Ω,
∂ηn+1
∂n
∣∣∣
∂Ω
= 0.
By multiplying by −2 kΔηn+1, we arrive at
|∇ηn+1|2 −
∣∣∣∣∇(ρn − 1|Ω|
∫
Ω
ρn+1
)∣∣∣∣2 + |∇(ρn+1 − ρn)|2 + 2λ k|Δηn+1|2
≤ 2k
(
wnh · ∇ηn+1,Δηn+1
)
:= K1.
By integrating by parts in K1,
K1 = −2k(∇wnh,∇ηn+1 ⊗∇ηn+1) + k(∇ ·wnh, |∇ηn+1|2).
By using ‖∇ηn+1‖L4(Ω) ≤ C ‖ηn+1‖1/2L∞ |Δηn+1|1/2 ≤ C |Δηn+1|1/2, we get
K1 ≤ Ck‖wnh‖ ‖∇ηn+1‖2L4(Ω) ≤ Ck‖wnh‖ |Δηn+1| ≤
Cε
λ
k ‖wnh‖2 + ε λ k|Δηn+1|2.
Therefore,
|∇ηn+1|2 −
∣∣∣∣∇(ρn − 1|Ω|
∫
Ω
ρn+1
)∣∣∣∣2 + λk|Δηn+1|2 ≤ Cλ k‖wnh‖2.D
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By using the fact that ∇(ρn − 1|Ω|
∫
ρn+1) = ∇ρn = ∇ηn, we have
λ‖ηn+1‖2H1 − λ‖ηn‖2H1 + λ‖ρn+1 − ρn‖2H1 + λ2k ‖ηn+1‖2H2 ≤ C k‖wnh‖2.
By summing over n and applying k
∑N
n=1 ‖wnh‖2 ≤ C, we get the following bounds:
λ max
0≤n≤N
‖ρn‖2H1(Ω) ≤ C, λ2 k
N∑
n=1
‖ρn‖2H2(Ω) ≤ C,
where C > 0 is independent of λ, h, k. This concludes the proof of Lemma 3.4.
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